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' ABSTRACT 

This document primarily consists of papers scheduled 
for presentation at the third annual meeting of the North American 
chapter of the International Group for Psychology in<_Mathematics 
Education (NA-PME), held in September 1981r at the University Of 
Minnesota. A total of 27 papers are arranged alphabetically by 
author. An additional three late arrivals are included in the back. 
It is noted that the North American chapter was founded in 1979 at 
Northwestern University. The existence of this chapter is viewed as 
evidence of a need to communicate, collaborate, critique , and, lend 
support to current and future research efforts.. The materials 
presented here are seen as indicative of the degree of diversity and 
of the high quality of research currently underway. (MP) 
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PRKFAtfe , 

fteceut progress in the tie Id of research in mathematics eduialiou has 
Wen qunc impressive. There is a l tear trend lowjrj cooperation, eollabora- > 
Hon ami the deve lopacut of research support systems among researcher:*. The 
tally successes of the Georgia Genre r, rhe ERIC Research monograph*, and the 

3 

recent eltori* of Nit uiid NSF ic fund collaborative efforts .ill attest to the * 
emergence of u new perspective toward the field in the United State*. As a 
result Mgnilic.ini progress has been made in several important areas. The 
development of e.irly number concepts, problem solving and in the area of 
rat i Mild 1 number leainiug, to tunc but three. 

Sui.lt « oH.ihor ai ion has not been solely conf ined to the United States. 

t 

The I <itm.it luii in 19/t), of the International Group for th« Psychology of Hat he - 
*.«< ..j tduLiiion (PHfc) a* an affiliate of the Internal tonal Congress tut Hathe- . 
n*4tics tJiicit i4jit tail *.e viewed as evidence that these trends are indeed inter- 
net tonal in siope. The accomplishments of PHE during its brief lite sp.in 
have in our opinion, been no less than outstanding. In six years a core of ; 
tcsearihexs in mathematics eJui.it ion has evolved, representing ill wise yet 
i ..xap lenent a ry fields ot Interest. The potential for future collaboration temaius 
veiy piomisiiif. In 1 ( >?9 .it Northwestern University, the North American Chapter 
i'| the t'Hh ( VA l'Ht ) was founded. The existence of die North American Chapter 
ts yet tint her evulcic e oi a petceived need to comauni i ule , collaborate, 
ititiiMie and l<!nd support to present and future research ettoit tn our field. 

We ire pteA.'.c-d to w« I «,rne you to Hie University ol Minnesota fur the 
third annual mctiing ol NV- I'Ht ami trust that your time will prove to >e well 
spoilt. We are grati'lul to t he '.nit Imm s ot i lie papets tout. lined in these 
»*»..♦.. i i u tv » 1 1 i ! i4i mi .ht.ig then rn.iimst r i v i s promptly .mil in < lie tum request ed. 
■■••» ' » ■ l "' l > ■ *» •« .*l|ai i>m i nally by first author tor e.isy releieiue. The 

"S 
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«n„fpro». o profit will lonsls^ nvijnly of present tt ion* ol « outdl n.il ed grri.ps 
of pipers .ill h.ivhiR .1 (ormon or < tosnly related t heir.e . along with ample time 
for diMtissfon ind th^ pluming of future re*;par<h. Thn-.e papers are indln- 
tivp of Hip degree of diversity .™d of the high quality of resean h ttirrrntly 
nminrw.ty . 

«^ Tho editors .ire Indebted to the l)ep.-ini*enf of Cur r l< ulun .ind liiMrmlfnn 
.ind to thP Dean's Offhe of the College of Bdm.it Ion, for providing a portion 
ol the flinmi.il, c l<-r le .1 1 and ranr.il support so nc t essary to t hp planning of 
.V (onfpri'nip of this typo. 

Wo ,»rp --TJ sp indebted to t hp executive board /program < ommtttee ol NA-PME 
for their vlsr tounspl ,md ent otiragemenl during these List two years. 
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M.iry Patricia Roberts - F.dltor 

NA-PHE Executive Board and Progra ^ Comm i t t ce 
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Berkeley 

Richard hesh - Northwestern University 
Evans t on 

Thomas R. F"»st - University of HInnpsota (Co-Chjlr) 

Richard Shemp - University of Warwick, tngland 
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A COMPUTATIOHAL ERRQR CLASSIFICATION SYSTEM AND ITS VALIDATION 

SuMn R, Neuwirth Bsal 
v Saint Xavier College 
V Chicago, IL 60655 



As far back as 1909 (Buevell and Judd, 1925), effort* have 
been made to identify and classify students 1 computational errors. 
These studies show that such errors are systematic (Brueckner, 
1932 j Buswell and John, 1926 j Cox, 1975 t Graeber and Wallace, 
1977 » Grossnickle, 1935j Meyers, 1924)? can be reliably estab- 
lished (Brueckner and Elwell, 1932* Grossnickle and Snyder, 1939) t 
can be used for .diagnosis (Kahlock, 1976; Brown and Burton, 1978) t 
and that without instructional intervention are evident a year 
later (Cox, 1975) . 

* * 
Many classification systems have been proposed (Buswell and 
John, 1926* Bnglehardt, 1977 t Gist, 1917, Osburn, 1924: Roberts, 
1968* Smith, 1968). Although these systems describe the computa- 
tional errors made by* students, they lack one desirable property 
of a classification system: that of being mutually exclusive. Thus 
an error could be classified in more than one category. SUch 
classification systems, also, limit their usefulness in the teach- 
ing-learnijg process. Some" of the error categories evoke similar 
prescriptions. Or, if the category system is too broad, no parti- 
cular prescription is forthcoming. 

One purpose of this paper is to introduce a classification 
system which hat mutually exclusive categories based upon think- 
ing strategies, rathar than on error types or error clusters, 
directed toward the addition and subtraction algortihra. The 
categories of 1 this classification system are: 



♦ 



NOT DISTINGUISHING PLACE-VALUE 
The student does not distinguish place-value. For example, 
or 76 or 76 - 4 » 36 





IX. DISTINGUISHING PLACE -VALUE. BUT ISOLATINO COLUMNS 

Th e st ud en t . con»lstantly-is<>l^tes^the-€olttmna w ithin ea u h 
exercise which requires renaming and treats each column 
sa if the other columna did not exiat as part hf the same 
axerciae. For example, 402 or 4/2 

~. m y-- 388 

286 224 

III. INAPPROPRIATE INTERACTION 

The atudent conaiatently has inappropriate interaction 
between (among) the columna for exerciaea which require 
renaming . f For example. 402 or * % 402 

" 39ft - • 288 

24 124 



IV. APPROPRIATE INTERACTION - 

The atudent correctly performs at least three of the five 
exercises which require multiple renaming. 

The validation of the claaaification system, aa part of a 
larger research study, involved 164 third grade students from 
two Southwest Chicago Catholic Schools. These schools draw > 
students from white, middle-claas families. All third graders 
from these schools were tested on an author -conrtrjicted c£it ir ion — - 
referenced subtraction computation teat (SCT) to aelect students 
for the research study. The SCT consisted of fifteen skill levels 1 " 
for subtraction, With at least five exercises for each skill level # 
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Student responses pn the SCT vere reviewed by the author. 
All incorrect responses were examined to determine what systema- 
tic error # if any* was" - mads. (An , err or is defined as sys t e m atic 
for a specific a*gorithmlc..£pmputation when a pattern can be " 
•stablishtid and occurs, in at least three of the five exercises 
for a given skill level.) » 

Students wers selected to be in the sample if they demon- 
strated a (symbolic) knowledge of the basic q^dition and subtrac- 
tion facts and felJ. into one of the categories in this system. 

The classification system was modified for this study for 
the following fcwc reasons t 1. Hot distinguishing place -value 
wao an empty category for these third grade* students, and 2. As 
a result of the study, category IXI ( Inappropriate Interaction) 
was divided into two groups. Group Ilia consisted of errors 
involving the multiple renaming process * That is, students 
incorrectly oar formed subtraction exercises requiring muxti^e 
renaming.. Group TXXb also consisted of errors involving 
ttie multiple renaming process but was only evident when there 
were zeroes in the minuend. Students who committed the second 
error did not also commit the first error. It was thought that 
the thinking processes for these errors might be different. 

The validation, then, was with these feur groups t IX, III a, 
IXXb, XV. Within each group a random sample of twenty-six members 
stratified by school, was chosen to be interviewed on an author - 
constructed, structured, put flexible, Place-Value Interview 
based upon a task analysis of the subtraction algorithm. 

The interviews took place over a three-month period. During 
this tima the teachers reported that a mtjor portion of the time 
for mathematics was spent on multiplication. A amall portion of 
the time was devoted to reviewing the addition and subtraction 
algorithm with some of the time spent on renaming with zeroes in 
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%hm minuend. , What was being taught during this period is pertin- 
ent" in that aoite of the students 9 performances on the- subtraction 
algorithm during the interviews were different than their perfor- 
mances on the SCT. Although these changes had not been anticip*- • 
ted, especially in light of Cox's study (1975) wheVe she found"* 
that the systematic errors persisted e year later, when therm was 
no instructional intervention, it was necessary to recategorize 
the students based upon their responses during the interview as 
it is those responses which will help elucidate the 'thinking pro- 
cesses used in the performance of the subtraction algorithm, A 
statistically significant association exists between the original 
classification of the students and the reclassification ( % x - 
46,89, p <,001). The r eels esi*fi cat ion yielded thirteen students 
in group II, .twenty-one students in group Ilia, twenty-six stu- 
dents in group 1 1 lb, and forty-three students in group IV, For 
all but six students, th"e *hift was into higher numbered categories, 

Tables. JL_indL2.-diapl*Y_jfche xejuiit* for eac h gr oup and the 



entire sample for the concept percentile acores and the computa- 
tion percentile scores of the Iowa Test of Basic Skills (ITBS) , 
The ITBS was administered by the schools as part of the schools* 
evaluation program. The reeults from the ITBS for each of the 
students. in the study were obtairad from the schools. T-tests 
performed on the differencee for the mean percentile scores for 
each of the groups indicate that for computation these .groups 
are statistically different. For the concept percentile scores, 
only groups Ilia and nib are not significantly different, # These 
results confirm the differences among the groups for computation 
and confirm, that conceptually groups Ilia and nib are similar, 
A correlation between the groups and each of the percentile 
scores indicate a significant relation. The regresaion equations 
yield results close to the mean percentile scores for each group. 
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TABLE 1 

ITBS CONCEPT PERCENTILE SCORES 



GROUP 


RAN3K 


N 


MEAN 


VARIANCE 


II 


11 - 67 


12 


31.75 


254.02 






5ft 

*u 


54.15 


558.73 


II lb 


12-89 


25 


57.20 


527 .12 


IV 


26 -*97 


40 


72.13 • 


,257 .91 


SAMPLE 


10°- 97 * 


97 


59.89 


549.21 








y « 11.59 


X + 25.6 




* 




r - 0.5213 (p <.000i>) 




TABLE 
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ITfiS COMPUTATION PERCENTILE SCORES 




GROUP 


RANGE 


N 


MEAN 


VARIANCE 


II 


10 - 79 . 


12 


29.25 


366.69 


III* 


8-91 


20 


41.65 


014.43 


II lb,* 


5-92 


' 25 


52. CO 


596.88 


IV 


22 - 99 


40 


71.25 


373 .89 




5-99 


* 97 


55 .03 


708^96 








y - 14.85 


x 11.25 








r - 0.5851 (p <.0005) 



. \Ono of the tasks presented during the interview tried to 
ascertain if the students taw a relation betwsen a pencil and 

p«r— 4:a«fc^g__£ LnAA nrj fh» A**fmrmryn* hntwa en forty-two an d 

twenty-eight and finding that same difference using popaicle 

sticks gjfcuned by tens and ones. Group ji students, in general, 

could not see the eolation of the two tasks (only five of the 

thirteen students saw such a relation), whereas only eight of the 

ninety remaining students could not see ths relation. Two of 

these eight students said i£^"shouldn *t match." The other students " 

replied M i .don't know.* 1 'Che results from this* task help point 

out th* differences between group II students and the student in the 

other three groups . 




A task to find the difference between three hundred and one, 
first "in their heads" and then with penciJ and paper yielded 
interesting difference! between group IV ^students and students' 
in the other* "three groups. Table 3 displays the results \o* 
each of the groups, • 

» 

i 

TABLE 3 

„ . ThSKi DIFFERENCE BETWEEN THREE HUNDRED AND ONE * 

<X3R0UP» NUMBER NUMBER IN ^ PERCENTAGE 

' CORRECT WoUP * CORRECT 

II * \l3 . 7 

Illb " 6 \ 26 23 - - 

IV 39 c 43- 91 

Ninety-one percent of group IV students could perform this task 
correctly, whereas only twenty-seven percent of the rest of the 
students could do so. 



The i n ter v3Csw~tfi3RV"r any e d widely— from -one^Qjronc cor r espond - 
ence between an object and a number name to finding the difference 
between two four -dig it numbers with multiple renaming ih a' paper 
and pencil task. K grouping and a place-value manipulative was „ 

* IB 

used to ascertain the student's ability to display numbers and 
subtract without and with regrouping (trading). Students were 
asked to create smallest (largest) numbers using digit cards, 
write and read numbers, and* explain the processes they used in 
six subtraction' exercises . ' Purther results from- the interview 
will be shared during the presentation. 

The validation of the classification system was limited, 
because of the thrust of the study, to subtraction errors. 
However, the ITBS computation scores included results from exer- 
ctses in addition, subtraction and multiplication. Classifica- 
tion of students with regard to. addition errors would yield 
similar results. ' , 
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During t lie past two years ( 1979- l<?«| ) the Nat lon.il St lent e Foundation Ims 
sponsored oflnrts .11 five University site*; to develop, field lost, and Imple- 
nt In** t rm t I <>fi.i| .ind ova I uat Ion mat trials over .1 bro.id spoi t rum »ij 1 .Ml 011.1 1 
umber 11" opts. Ono que^tlnn of primary content to thr R.11 lon.)l Number Pro|0»t 
has been. "Whit Is r he nature of the 'mp.nl ol manipulative mil f rials nn t bo 
0.1 rn flip, ol rational number concepts'*' 



_Tlte p.iradltw nsotl bv the prpjpi t ' s I nstructional 1 orepo no nt has been t be loathing 
fxpt<rl!7w>iu , Durlnp the I^BO-M school year, lfl-20 week te.it hlng exper Intent s were 
to intuited wl tli .1) six Crado 4 thlldren In DeKalh. Illinois, b) six Gr-.de '« 
children In Si. Pml , Minnesota nnd c) five Grade "> children In Si. P.iul, 
Minnesota. In addition, extensive evaluation mater la' s were developed at 
Northwestern University under : he direction of Richard Losh and by hd Silver 
antl Diane Rrlars of San Dlego State and Carnegie-Mellon Universities rospoi t I ve| y , 
ftoth the Instructional and evaluation materials were utilized at .ill projott 
sites. As a result a fairly substantial body of data has hcen toilet led .*ud 
Is torrent ly undergoing analysis. 
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bi* m.1 |or 4t.it i si rands Iwvr tinerged I rum Liu- icadiiug experiments * undue ted 
in I I Idiuib .tiitl Minrn'sol.i. Niey are: 

*i) 1 1 il* el I tc I ol visual/perceptual distractors on children logical- 
nut tiemat icai thinking. 

2) llieran lues in i he loarn-ng qt order and equivalence. 

M The emergence o! proport tonal reasoning. 

it) Jill uull lea invnlved in applying rational number concepts to 
pi obi en situations. (This dat a strand ts be if ig pursued *m 
conjunction wilh tin* Applied Problem solving Project at « 
Noi i hwest e rn . ) 

sj children':* ability to perform L rans I ut ions within and between 

virions ifcodes ol representation, 
ol flnldreii's ability to synthesize various r.it ion.il iiuauer sub- 

< mist ru< l s, i.e., part-whole, measure, quo! ImiL t opei alor , decnft.il 

niJ r.it io. * 
H i. the p«irp«»M ol tins papei c c» define perceptual distr«ictor and begin to , 
lift I n<< its iole m children's under st <jndi ng ol rational number concepts. It 
is ol jni i i» nla r interest to show how perceptual distnntors ml luetic e children's 
thi.ikmg. It is hypothesized ihat perceptual distractors overwhelm logical 
thi.nghl proteoses and cause children to interpret problems and !.i>ks in ext ra- 
uitlin.iry ways. 

Hie particular emphasis in this report is to exhibit dill er elites .nfiong children's 
,)< p»'ikU n« »• on uisti.il-pi-icepiu.il i ul ormu' inn, *s compared to their ibillty to .ipply 
I r , . ,i t^nh.iim >. .il think iiik. It w ill ,*lso address t Ik transit inn I nan di pn»- 
|i in , soil inlorni.it ion to log i < a I -mat hem.it ic a I thinking. 

A seius i*| t.i.ks in which v i sua I -pen ept ua I distractois were de I ibeial el y 

h,i i, m1 d w» • developed, bmpl zed in this report i* 1 nlorin.it ion win* li 

mdM.ite*. ijil leiiiu es among children's ability io "put aside," "over* owe ," or 
"ignoie" the dist i.n tors and de 1 1 with the tusks on .i logical-m.ithemitn.il level. 
Hie extent i o wl.it h a (In Id is able to do this -- resolve * out I ids between 
visual iuloiin.li ion and I lie t r log it al-m.ithem.it i« a I thinking — is viewed .is one 
ol *««*v« i 1 1 impoiiaot i ml ii alms ol how solid or tenuous is the t hi Id's under- 
standing ol the i it i una I -number concept in question*' 




-lo. 

Oyprvl gw ol t he l asks 

The tprm *\i sii.il-p,. r < pplu.il dlstr.ietot" Is used in this p.ipt-r tn rffrr to ; ho 
fntrndttc Hon of tnlorm.it ion Into a standard school-type rat jon.i I -number «ask 
which Is either consistent with t h*» task, lrrp|pvanl to t hn t.isk. or inconsis- 
tent with the t.isk. A) (.nnsisteut « ups .ire dpslgned so.pl i f I < .i I ly to old in the 
solofton of .f tisk or problem. R) Irrelevant turs contain oxt r.ireoos hut 
neutnl inrornvit Ion. Su« h « lies require the solver to ignote certain inform.it ion. 
C) inconsistent c ues .ire those which conflict with the < ontept ua 1 1 z.it I on ol the 
task or problem .ind therefore, must be reconciled prior to solution. This Is 
imrm.il I y~ i<f.«mpl I shed hy lgnor.il followed by re« onsr rue t Ion, This l.ittrr category 
h.is proven to hr the most troublesome for students, perhaps because it Involves 
a will I -fai et e»l solution. 

An PtMmftevMI lllustr.ite the-,e distinctions. 
Task: fo sh.«do t hreo-f onet hs of the rectangle: 

Solution Strategy 



A) Consistent Cop: 



ixei 



Subject shades 1 of <\ p.irts 



W U *^4*u uxs—i 



1| M ] I [ I 1 Sub ject Ig n ores evpry oth pr I t no; 

Ll 11 * ■ ■ I I tlnwns 2-1/8's .is IM .Hid c'h.iH*s 



clumps 2-1/8's .is \ff* .nid sh.idps 1 
sue h c I umps • 



'*.) Ire nn«(st«*nt Cup: I F I I Subject Ignores .ill lines, ree on- 

* ■ ■ struct s dingr.ims .ind prnrretls % r . In A). 

The rational number tasks. o r thrpp general typrs, were d I st I tigill shod by the 
physic. ll embodiment of thp unit: 

I) A » out I noons* model sm h .is .i rectangle or circular region. 
,i) A sot of discrete objects. 
D A linp segment on .i number linn. 

Thp normal order of task prpspnt at loo involved first the task without thp 
distr.it tor, followed hy thp ^amp problem with thp distract or prpspnt . Sometimes 
thp t.isk w.is physically transformed from .i consistent to .in (n< oris I stent sit oat ion 
while the siihjPct observed. Such transformation e»f*en caused the ihlld to provide 
not nuly i (llfferenl response but also a different rationale when explaining her 
pro« ,».lur#» . i pin nifnwMion remlnls«ent ol pre~oper,it lonal i III l<li en* s respon'.es to 
^ ip,p|*» « onserv it Inn t/isks. s. 

ERIC J.6 



Tiu l h» 01 v-l* i» J i l i mi i i *»i'.t I mot i»r I o f •» <li v j loped lor the it. tiling upn nwiit 
piovided t very inh Ki.cruifuiii.il envi i uixnenl wliuh relltd heavily uii ihe 
sfsteioottt utt ot imiii pul.it i vt aid*. Muntpul.lt ive aids used in I In nisi rw I iuii.i 
prog r on iiuluded ton! unions embodiment s tor rat ion. il mncber su< h as t ut -tiul 
lrtitiuii.il pari-*, paper folding, and centimeter rods; discrete embodiment .s , \^ 
»m h .»«, i l»i pi, oiid various nuaber lutes. Ihc I list rut t lotf emphasized I lie port- 
whoie .uid «t,iburu iukoihl rmis of rot I una I nunhor. Concepts I ought Hit ludtd 
t-he l>.i>| i I rot t Ion minepl, order and equ i v.i 1 em e relations, addition ond 
suht rot t ion tit like I rat t ions on<, mil l i pi lt.it ion, Instruiliou dealt with 
I rat t ion-, less t lion, cquol to, and greater than one, as well as mixed numbeis. 

( out I i iumjs fcrahod invent Tasks 

One pert ipt oil di si i.u I <>I turner its children's .it'll It y to deal with o p.i t ot a 

whole .is o i eg i vn — m d is o putittoiied region. This ability is ,\v ions 

piftoisto to dL.iling w|(li notions ut equivalent trail ions. . s the 

ulist rv K urn that two equivalent p.irt s ul a whole t an enth he . the s.iroe 

Ir ii M<iih when one pat I is .tppropr tato 1 y partitioned. In the < 'ing t.viure 
h md t Je, equivalent puts, ton each be named as 1/4 and J/W. 




01 iiitt ii a wij. win i hi. r tSiL ihilj could ignore the port it ion lines in «. de in 
to dei iu loiisidci it out - 1 toirt It and imagine paittti^u lines pl.n.ed in b to 
i in-, i di i it is l hi » e- 1 we 1 1 1 lis. This was out- ot several contexts in whith we 
I mod tin i xi, i em i ul -.obp irt 1 1 lom ng I ijni s to In 1 a dlstrottoi to children'*, 
l*«gi. i l-mit hem it it «l mule i s> audi ng nl rot I on.i I -lumber lotnepls. 

'it vt i tl ..1 .mii i nt f i«v i ew . *»ugge -»l t li.it I oi some tlnldreli a port (oi gionp ul 
p.u l *» ) i oi only hive title lt.it tl una I name at o time. Port h is either 1/4 or 

MM hoi i .ooiio |m both ot the same time. The some »•» true tor id*. Win It the 
part i .miiol hivi twit unites ot t tit sane time, the sub jet t does exhibit llcxihillt 

in Him ul tin pin In tug either 1/4 oi M12 ot .my given I inn* . Ilus i mil rosl s 
with o liiwt t le vi I i espouse whtit* ,| pail h.is one and only one It.ulloiial name 
at all t uni s . 
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F««r example, one ihlld Mk . was nor ible in give two tnmes for h-. attording to his 
thinking It could he 1/6 nr ^a12 but not both. This same (hi Id w.is unable to 
we that .mother name for t do w.is 1/6: It was only 3/12. 

Results suggest .i linear trend In the development of this Aspect nf fr.it t Inn 
Identity. A first level of under standing inns 1st* nf h and cde having ea* h a 

single label (I/ 6 and 3/12 * respot 1 1 ve I y ) . Level twntnnsists nf h having two \ 

— { 

l^neXs (1/6 and 1/12), but nnt simultaneously , while cr*e s» 1 1 1 has only nor ^ 
label. Level th:ec would Indicate that botfi b and cde t an have two lahels 
(1/6 nr 3/1?) hut not slmul tanenusly. And level four consist* of bnth h and 
cde* each having two labels (1/6 and 3/12) slmultanenus ly. 

- ♦ «, . j 

Discrete F.mbndlmcnt Tasks 

To investigate the strength nf children's log I ral -mat bent Hal t hi ukt ng about 
rational number In the tnotext of discrete embndlments, severa 1 tasks Invnlvlog 
perceptual dlstractors were developed. The dlstractor was * transformation of 
the tnnslsr.int ly .ir ranged *et Into one which was Inconsistent with problem 
enndi t I on*.. • 

T#isk I Involved an Initial prespntatinn of six paper clips arranged as 

III III 

and transformed to || || || t task 2 invol ved an Initial presentation of ten 
paper c Hps arranged as 1 1 | | | 1 1 | | | and transformed tn ||| |||| H|. For 

ear IT "part of rasks t antf- 2 the subject- was asked to produce a *cf- of - 

paper clips equal lo oumher to 3-halves the number of clips lo the stimulus 
set. Task 3 iovolved a set of twelve paper clips; for the loltlal preseotatloo 
they were arranged as | J | | || II II I I ^nd tr.iosformed to | ||||||. 
The prohlrm for the subject In each case lo task 3 was to preseot a set of < Hps 
equal In oumoer to Vthlrds th»» oumber of clips lo the stimulus set. As might 
'•e suspected* 'he seennd part nf every task proved to he much more difficult for 
student** slnt e the transf nrmatlon diverted the attention of the solver from the 
basic enncept intended by the problem present «r. Of special note Is the fact 
that after prnvldlng an acceptable explanation to a correct solution to the 
first part nf each task some students completely abandoned these "logical" 
structures aod adopted other faulty ones which reflet ted the physical situation. 
For example in tisk ff\ one student correctly suggested the 3/2 of | | | Ml was 
HI (I) HI, while providing an apprnprlate explanatlnn. She then t nnt hided 
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that 1/2 of I I lilt was the same set (i.e., | ! f | | I) because "you already 
h*ve J {roups of 2.*' Another child took one* set of I away irum ! ! ! ! { irsoi**'*- 
Ing th.it **we already have 3/2* s." This child apparent!, rc ; t r;>rci ed the task 
16 be one ot reconstructing the unit. In this case the perceptual disttaitur 
not only altered the quality ot the child's thought proc&sb but also caused 
him to alter the perceived task so as to wore closely correspond with the 
physical setting. 

N umber Line Tasks 

A series of tasks which involved two kinds of perceptual abstractors on the 
number line was developed. One involved variations in the number of subdivisions 
of the unit, the other variations in the size of the unit. Spate here docs not 
permit discussion of these results, except that they were similar in nature to • 
observations hi both the continuous and Uiscret? contexts. Children's logical 
thought processes were unduly interferred with, in the presence ot visually 
distracting elements in. the problem conditions. 

Other types of d! strut. tors also seem to be emerging as we continue to examine 
our pool*6f data. These includes language, numerical distractors, and scqueuilag 
conditions resulting in an E Juste I lung, or mental set. *" 

The*e and related issues wilt be discussed more fully in ''Rational Number Concepts, 
a l ha pi or to appear in Acquisition of Mathemat ics Concept s and Processes , Lesli 
and Landau (Eds.), Academic Press, 198?. 

Meaningful nude r*tand i ng o* mathematical ideas and the mathemat ical symbolism 
fur these ideas depends in part on *n ability to demonstrate interactively the 
itsocijilun between the symbolic and manlpulat i ve-al d*x»des of representation. 
Thniruiic.il ly , as children deal wi th mathemat i cal ideas, embodied by'manipulat ive 
aids, the mai hemat it a I ideas are abstracted into logical-mathematical structures. 
As ctiildrcns' I ogital -mat huosit ica I structures expand, it is presumed that their 
dependence npun the concrete manipulative aids decreases; ultimately, logical- 
*at lienui i « 4, I thought bet otnes sufficiently strong so that it dominates tne visual- 
perteptua! i* 1 to imat ion. The extent to 'which children's thinking »» «!«••«••».» ted 
by visual -per. i*|ilua I inlorm.it ion therefore, seems to be an induction of the 
relative strength ol their toglca 1 -m.it l\f is.it ica I thinking. 
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The extent to which children can resolve conflicts between vUu.il Inlormation 

and logic .il-m.ithera.it lca.1 thought processes might -it first be viewed a* .i simple 

Indicator of how firmly .1 child Iws Internalized .1 given concept. However, the 

issue Is prnhahly more c«>mplex than th.it. It i * suspected that the .iblllty to 

resolve such conflict"; Is differentially related to field-dependent .md field- 

independent le.irners. By definition the j i eld-dependent; chlltl Is unahle to 

(or has great difficulty) ignoring or overcoming Irrelevant environmental 

stimuli accompanying prohlem conditions. Wit kin (1977) states time: 

"The person who is relatively f icld-depeVidcnt is likely to have 
di f fU ulty. . .with that \ lass or problems where the solution depends 
on taking some critical element out of the context In which it is 
presented and restructuring the problem ro.it erlnl so that tin* item 
I*, now usitl In ,1 different context.*' 

"The relatively field-independent person Is" likely to overcome the 
org.mi znt Ion of the field, or to restructure it. when presented 
with a field having a dominant organization, where .is t ho relatively 
~ field-dependent person tends to adhere to the organlz.it Inn ol the 
*t*l«|d as given. "I 



Similarly Coodenough (W6£ suggests that* 

"field Independence Is consTdored^to be the analytical aspect of .111 
artlcula % ?d (as contrasted to a globa I or_f ie Id-dependent , insert 
ours) mode of Meld approach .is expressed I n "pe^rt-ep^Jkm/^ 

' "If J ic Id -dependent subjects accept the organisation of the f felct~ - ^. 
<as given, then they should he dominated hy the most salient ones 
**■ In concept attainment problems. In contrast, the analytical . 
.lhility of fie Id- Independent subjects should make It' possible for 
them to s.imple more fully from the non^sa I J ent features of .1 stimulus 
complex in their attempt to learn which attributes .ire relevant to .1 
cou«ept def inltlon."? 



ll Is Indeed tempting to discuss the Issue of perceptual <i I st r.i< t ors within 
the Iramewnrk of field-dependence theory. It seems clear that the abandonment 
of previously Internal I zed cognitive structures In the presem e of visual stimuli 
inconsistent wltj* prohlem conditions ahd/nr requirements Is quite similar to 
the individual who Is "...dominated by ( the most salient cues in the concept 
attainment problems." (I hid) It may be then that the effect of perceptual 
detractors nit student learning Is n function of where the Individual .tppe.tr s 



on tliu field Inriepciidt ik e Mr Ul dependence luni Juoum. The linkngcs suggested 

also loply tb.it the luiie nl stub dist r.n tors 1 1 4»sc ends the lorn in); ot 

rat tonal number concepts per se .• net is reiev.int to d'muth bro.idei spectrum oi 
concepts, i \ 

Our J.tta suggest s tus»t such -i di 1 1 e»cnt I .*! inp.Hi. home intent % were obviously 
mote "bothei ed" by t lit* visual reiscoes prudent c«l in (lie problem tasks, it w,ib 
nevertheless possible In .ill c.ise.s to te«ich children to overcome I he impact 
ol these disti.it turs in specific sfttuii ions. It should he noted however, th.il 
there was .1 strong tendency lur the (some) children to .iguin be influenced 
when the dialr.nturs were presented in a different context (e.g., continuous 
and then disci ete). 

Impl H .it ions 

llisti.ictois represent one class of ins t r net 1 0n.1t conditions whith nuke some 
type-* ol pi ob teres retire dill it nit lot childien to solve. Knowledge ol their 
imp.it t will be helpful In the design of note effective instructional sequent es 
lor 1 In Jdien. 

Although per I »>i main e with r.ition.il numbers is .it letted by the present e of 
distrai tors, ttiildren 1.111 be taught to overcome their ml luetic c It .» expected 
lli.tt strategies gcneiated by children to overcome these disti.n. tors will result 
in iso 1 e st.ible r.it lon.i l-nnmher concepts. 

t)i*r lese.irih h.it r.iised import. int questions .ibout the role oi sot Ii ilist r«U loi s 
in the le.nniug prmess. Issues -of ->t qucut i ne, , interactions with learning 
stylt ind .iltility levt l> '»we|l .is quest ions telriLed to .ipprtqir ..it e piuicdnics 
Im tivei t .>«ung their mtlueiue will need (o he .nld res soil. 
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CO:iNTI NO AND HUHKRATIOH CAI'Aitll.lTleS OF PRIMARY SCHOOL 



CHUDRKN: A PRELIMINARY RBPOAT* 

Hex S. Bell end Jean P* Burns 
The University of Chicago 



ABSTRACT 



Counting anu other number ideea of prucWl children have been extensively 
studied and ao hav# computation ablHtlee of children in grada * and beyond. 
Our work ia directed at better underetending of the tranaltlone fro* tha ona 
to the other. Tha reeeerch with primary achool children (K-3) outlined here 
alee to construct a coherent picture of the development of children* e capabll- 
itiea In verbel counting (forwerde end backwards by onee> tene, end other 
integere), In reading end writing numbers, end in certain other aepecte of 
ayebolic erithmetic. We eleo record the content of each child'e arithmetic 
learning experience. Ve have developed efficient interview based methodolo- 
glee for .thoee purpoaee end reeulte eo far have euggeeted e number of 
intereeting linke among the things eurveyed* Tha picture of childran'a 
cepeb&litlee end experience thua developed may auggest eltemativee to whet 
ie now common in primary achool Instruction. - 



, INTRODUCTION 

Quite * lot ie known now ebout the counting end numeration ideea of preachool 
children (e.g., Celman end Gallia tal ( 1978( Pueon and llall, in praae). Quite e 
tot ie also known from National Asaeesment of education Prograee <NAEP) about 
ths symbolic arithmetic performance of children in fourth grade end beyond. Our 
work begins whero the developmentel work on eerly number ideee leevea off end 
etope Juet abort of the echievement etudiee of performance of eymbolic erithmetic* 
It aeeke to illuminate ttie development of childran'a ideee and cepebllitiee with 
reapect to the counting and ^numeration eyetems and tha linke of theee to erithmetic. 
Por those purpoaee va have developed efficient brief interview methodologies 
that quickly aseeae the limite of vorbal counting end written nuaeretlon knowledge 
of children end at the eeme tine eseeee their cepabilltlee in certain basic 
erithmetic procedures-, Ve hove eleo developed weya of getting s good record of 
the actual content of the erithmetic instruction of thsse eeme children. 



•The research reported here hue been wupportqd by a grant from The National Inetitutu 
oi Education (NIE-C-80-0099. Our report does not necssserlly reflect opinions or 
pollciss of NIK or the Department of Education. 
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To this point (June 19B1) our reaearch program hut included October 'interview, of 
75 laboratory « c hool children in second and third grade .ml October and Hay 
interview« of 120 children in graded KO in ■ middle clan* suburban school nenr 
Chicago* Both schoola enroll at least 40Z non-white atudentn. We have mUo 
don* United pilot studies with other group of children over a wide>rmige of 
aocio economic and .chool backgrounds. Figure 1 indicate, the Horta of data 
we have. It Include, about half the taaka eurveyed in "the initial interview, 
^ for fust fl «rond end third R r.de children of tha surburban nchool. 

• * * 

Row of the moat Intereating *n. C01ie fr?m the fofward nnd bflckw „ d cmintin|l 

taaka, coded in the firaf few columna of Figure 1. We a.k t the children to cotmt 

by one.. If „ rhtl d rtn past 30, we auk him to pretend he has counted to 6* and to 

, no on from there; thvn similarly for 98-101, 197-203, and to on. He record the 
hitfieat cospjeted interval, .aak the child tu count back trom tbit point, and 
ptobm for lower h.ickwarda countingcnpebility if need be. . airier ttak check* 
counting by tena. The itop end .kip feature of the counting ts.ka prevent! mere 
alphabet-like recitation of a memorized word string and alao remit a finding 

L efficiently tha outer limit a of counting understanding for each child. The 
interview i, Informal, brief <5-10 minutea), and unintimldating. Each child i. 
preaaed to h^a/her Units for each task, with graceful exita when thoae limita 
are apparent, children reapond willingly to the tasks and appear to enjoy the 
interview 3e«*ione. - ' 

\ 

SOMK PRELIMINARY RESULTS 

Figure 1 dinplayji some typical raaulta with second and third grade suburban 
echool children. Children are Hated there from high to low on their perfor- 
mance with the verbal counting taaka* Footnotca to the table explain the coding 
ayatem used; for example, an aatariak (*) indicates a correct reanonee and 
responses to the writing and reading of numerate are coded to reflect actual 
reaponnea am nearly aa poaaible. 

Many thinga about the links of counting to other taaka are suggeated by aimple 
tellies nnd displays. For example Fiitara 1 makaa it obvloua that (for theee 
^children) being good nt count I ng is linked to betnn go6d at many other things, 
"eyeball ,innly.|#i** rhon confined by Htnftattc.it nnolyaea pfrmt tn some 
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Mgura 1: Counting and Numeration: Boglnninj Sacond and Third Grada Chlldran 
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tentative conclusion^ from our Autumn 1980 interview. Defiled analysra of 

the rich dat* avsilsbls fro* thin group o/ children In continuing Here are 

now* of the preliminary conclusions: «\ 

1. Among children At each grade Uvel, there is . vide range 'of counting 
skills. The range tnd mediae of the total count score d n October 1980 
of K-3 chlMren «t the suburbs :hool la lndlcnted in^igure 2. ♦ 

Figure 2: Range and Medians of Total Counting Scores of K-1 • * 
Suburban School Children (Hex Hcoree - 26) 

Total Count.- 

Score 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18. 19 2f; 21 22 23 24 25 26 . 

Kindergarten u* 

< n . 2 .) . , »-H-H,dl.n * - 

Grade 1 



raue i u 

{n - 29) J f . J j 




Grade 2 M 
(n-40) j _ I 

Grade 3 u ' 
<n-24) | f 1 |. 

note that maximum ecore* move by larger year-to-year Jumpa than do minimus*: ' 
v or medians. Thie result la alao common in our pilot longitudinal ntudiee, 
and refiacta tfce exlatenca of a group of children who remain pool count era 
year after year— a potentially aarloua handicap. 

2. Verbal counting skills are eaaocleted with a variety of aymbollr arithmetic 
ar.il la; for example, with reading sr.d writing of large numbers; aklpping by 
ten; notation for opsratlone, fractions, and money; and solving Q- 4 - 16. 

3. For gradea 1-3, backward counting la e* eaay ao fcvar<? counting for the * 
beat forward counters; but beyond about the Middle of the dietribution of 
total counting i cores, backward counting become* a substantially mrt diffi- 
cult task. The latter difflcultiea confirm many reaulta with younger children 
working w^th amall ^umbers but wa and othera find surprising the ease of 
backward counting fur many of <the'more capable children. 

4. Only 5 of the 27 beginning kindergarten cMldren had any difficulty pointing 
to and counting fourteen objects; one of thoee children could nevertheless 

\ count on past w thirty. Of the 22 children who could eaelly count fourteen 
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'objecte, 9 could continue without object* but not past thirty; 7 could 
count beyond> thirty but not ekip to 68-72; one could «kip to 68-72; end 
6 could ekip to 98 and count past 100. Thoae to ue rather remarkable 
Performances for five-yeer-ttlda; certainly they are well beyond what moat 
kindergarten or lat grade school booka exploit. 
*5. At all gta'de levele, reeding number a la a lot eaaler than writing number e. 
For example, eeaentlelly all beginning flrat gradera could read 100 from a 
-card, but only seventy percent could write 100 from dictation. In beginning 
third gr*de enly one of twenty-four children could write $1.47 properly from 
dictetion but twenty-two of the <venty-four could reed it. * 

6. There waa f requenMLonf lrmatlon for the clinical finding (e.g., Glnaburg 
,.1977) that childr* pVwhed beyond their familiar range of numerals offer 

auch "logic*!" r«aponaee aa writing "40098" or "410098" (but almoet never 
*X^U)P908") for dictated "four hundred ninety eight," or react e written "5004" 
* ee "five hundred (and) four." The frequency with which beginning aecond or 
third gradera tend even apme flrat gredara) respond by writing "50004" ,f or 
dictated "five th&uaand four" eeeme remarkable to ua cooaidarlng that "5000" 
le beyond nuaberr with which auch children ere likely to have* had direct 
k .experiences and 'far beyomftihat most school progrsme for K-2 edmit ee possible 
to loern. % 

7. Recognition of the arithmetic operetion eymbole +, -, x, + eeeme to be echool 
releted, except possibly for children ranked et the top on verbel counting 

* ability. <Thoea children may have learned most of whet they know stout the 
arithmetic aymbol ay a tern independent of their echool experience.) 

Keeulte of tasks not shown in Figure 1: 

8. Our reeulte with thle /ether lsrqe group confirm aurprlelng findings of 
clinical etudlee concerning meenlnge children ettech to the "»" .(equate) 
aymbol. (8ehr, et. al. f 1980) Nurly all the children In our etudlea eee 
this not ee en "equale 1 ) or Vaama aa" relet ion but ee requiring^an operation 
on the left linked to en answer on the right. Hence, th*ey typically reject 
4-4 beceuee there ie "no problem", 2 + 2 -^3 +*1 beceuse fchere is "no 
answer," and 4*2+2 baceuee it la "beckwerde." ; 

,9. Hpat aecond *nd third grede children ^end many flrat gradere respond correctly 
to e task that aeka them, to make maximum and mi el mum numb a re from three 
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individual digit cards (4, 3, 7). But well over half of the firat grade 
children who did thin correctly were unable to read the (correct) number 
they had constructed. 

10. - Only four of the twenty-four beginning third grade children could calculate 

65 - 37 correctly with pencil and paper although such problem* are aollrily 
In the 2nd grade curriculum. ^ 

11. ''Mental arithmetic" akllla are poor In our 3rd gradera; only nine of twenty- 
four of them could handle 27 - 21 without paper and pencil and only two were 
able to answer 26 •♦• 19 correctly. We often found the children trying to 
visualize the problems aa writ ten dtnm, then doing aomc algorithm on their 
mental 'blackboard. 

12. There are typical errdra In backward counting at the decades and hundreds; 
.for example the decade la left out (72, 71, 69 . . .) or the next lower 
decade la inaerted (72, 71, 60, 69, 68 . . .). Some children do better on 
thle taak If the reaponaea are written Inatead of verbal, ao they can see 
the patterna. Since our claaaroom obaervationa indicate that backward 
counting tajkn are not a psit of K-3 work (except posalbly "10, 9 S ft, ., , .1), 
the errors are not surprising. 



THE CONTENT Or PRIMARY SCHOOL MATHEMATICS INSTRUCTION 

We have not compacted our analyaea of that content covered by the children we 

have interviewed but certain tentative conclusions are poaalhle. Over BO percent 

of the time cMldren work by themaelvea with pencil aid textbooks* workbooks, 

or teacher worksheets, going to the teacher for individual instruction when needed. 

Virtually all the materials are heavily oriented to paper and pencil work; few 

alternative way of proceeding are offered. There are wide child to child 

v* rift-ion^in the actual amount of material covered even within the save classroom. 

The base ten place value counting and numeration system* (heyond small numbers) 

are not themselves explicitly linked to operations and other arithmetic procedures, 

even though In theory the linha are fairly transparent. "Borrowing** and "carrying** 

uses of base ten notation are exceptions but even thoae are taught moro__as 

memori zed procedtir ejL_than_ aa_aap^cts-^f r!ar counting and numeration systems. It 
la rare for school work to indicate »oy uses of numberc or of arithmetic proccdurea. 
Calculators and other computation alda In univeraal uac In the world outaidc of 
Q chool are essentially never found in the K-3 classrooms we have aecn. 
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Our results Indicate that many children have counting and numeration capabil^ 
ties that do not com f roa primary achool work and are not exploited In 
primary *chool work. Thoae find Inge auggeat to us that some rather simple 
things could be done that might Markedly improve the results of esrly school 
arithmetic instruction. 
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PROBLEMS RELATED TO THE A»rLICATICM Of A MODEL OF UNDERSTANDING 
TO ELEMENTARY SCHOOL MATHEMATICS 

Jacques c. Bergeron, Universite de Montreal 
Hicolaa Herscovics/ Concordia University 

5 

"* > 

Several models describing various sodes of understanding sathematica have 
been suggested (Iruner, 1960i s*emp,1976| By era £ Herecovics, 1977* skerp.1979) 
A version integrating the first three modela was used in an experiment whose 
main objective was to determine if such s model could be asaimilated by ele- 
mentary school teachers (Bergeron et al.,1981). This reeaerch, involving a 
group of 2% teacher a, has ehown that they could apply the model, thst is, 
theycould Identify various node a of understanding associated with notions 
such ss nuaber, the four operations of arithmetic, place-value notation, aa 
well as eh* aoclttan and eubtrection algorithms. 



These conceptual analyses have had some iaportant psycho-pedagogical effects 
on teachers (Herscovlcs et si. ,1981).. They seem to have changed their per- 
ception of mathematics end also that of their own mathematical competence. 
Equally important in terma of didactica, the teachers have developed a cone- 
tructivlst approach toward) learnings they now de-emphasixs the isportance 
of the written answer and focus on the thinking processes. They hav e become , 
aware that oijly through an^sppro£rjj&ei~fora>^^ can the child 1 e 

reasoning -tm|Un coveredT This evolution in the teachere* attitude waa 
achieved despite the weaknesses of the model used. 



Yheae rssults h>ve bean ao encouraging that they warrant the construction of 
a new sodel betlter suited to the analysle of mathematical concepts and which ii 
discussed in a poapenion paper (Herscovlcs, Bcrgsron , 1981) . Howevsr, it is es- 
r^ntial first to study ths problems encountered by teschers in our lsst expe- 
riment and to ijdentiXy the internal contradictions of the model used in order 
to prevent their recurrence. 
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MODEL USEB 1M THE EXPERIMENT 



As mentioned earlier, the model uaad In our experiment was a ayntheaie of* 
previous model n developed by Bruner* Skeap, ftyara and Kerscovics. A brisf 
Q isry of these* models is necessary in order to understand how they vers 
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Brufter (1960) described two cusujlemuntary nodes of thinking, namely intuitive 
thinking (global end implicit perceptaon of a problem, on awareness, of the 
processes used in getting the answer) and Analytic thinking (steps are expli- 
cit, full awareness of the relevant information and operations/. Skemp 

(1976) dib. inguished between instrumental understanding ("rule* without rea- 
son") .and relational understanding ("knowing what to do and why"). Basing 
themselves on the Bruner and Skemp classifications, Byers and Herscovics 

(1977) combined them in a model and, moreover* discriminated between content 
(mathematical ideas) and mathematical form (their representations) „ They 
described the following four modes of understanding: 

instrumental understanding is evidenced by the ability to apply an appropri- 
ate remembered rule to the solution of a problem without knowing why, the 
rule works 

relational understanding is evidenced by the ability to deduce specific 
rules from more general mathematical relationships 

_ i nt uit iv* understand* n<r i»~*videnc0d by the ability to solve a problem with- 
out prior analysis of the problem 

formal i^^of standing is evidenced by the ability to connect mathematical 
symbol is« and notation with relevant Mathematical ideas and to combine these 
-ideas into chains of logical reasoning 

As can be seen rron these descriptions, the three models dealt primarily with 
rules and problem solving. In order .to use them for the analysis of concepts, 
they had to be somewhat modified, thus, in order to characterise intuitive 
understanding, wa have added to Bruner *s "global perception" criteria, such as 
visual perception and estimation (cf. comparison of quantities) and primi- 
tive unqualified action (eg, to *dd to, to bring together). 

Similarly, in the case of the instrumental and relational modes, we had to . 
adapt Skemp* s do^umionjB^_j»ncopt-foi^^ In~this context, rules and 

procedure *re not an end in themselves but rather become the means used in 
the construction of now mathematical notions. Thus, the instrumental' mode 
wau assigned the double moaning of "memorization" and that of "initial cons- 
truction* (cf, in the case of additior » bringing together and counting from 
one). The relational mode also waa assigned a double meaning, that of 
"justification" given to it by Skeio, and that'of "links and relations lead- 
ing to notions of invariance and reversibility" (for addition: bringing to- 
gether and counting on from the first term may reflect some invariance of 
number- to perceive subtraction as the inverse operation of addition is an 
example n f reversibility) » 
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Finally, insofar as formal understanding io concerned, the first part of the 
Byers and fJerscovics description was used without however specifying whas 
was Rieant by "rslevant mathematical ideas" since these stewed quite obvious. 
The second part wss interpreted wore in the sense of "logical— Justin cation*^ 
than in the sense of -formal proof" which lies beyond the elementary school 
curriculum. 

DirriCULTIES EHCOWTEREO BY TEACHERS 
As can be seen, the model we used was rather complex. Hot only was It a 
synthesis of the three preceeding models, but moreover, the description of a 
given mode could now involve several new criteria. Thus it is not too sur- 
prising that certain teachers experienced some difficulties in applying it 
to' specific concepts. 

a 

for example, in a test verifying the transfer from addition to subtraction, 
teachers were asked to identify four nodes of ^understanding for each opera- 
tion. Ou t o f 28 tea ch ers, » were^dsLaXen^n-thsly-lHiTr^ i C a Hons, the 
-greatest confusion occurring between the intuitive and instrumentsl modes on 
one hand, and between the relational and formal codes on ths^other 
{Herscowic* et al., 1981) . in the firet Instance they called "fiftuitive" 
the> initial construction of addition (cf. bringing together and counting 
trtm one) and in the recond case they interpreted "relational" to mean the 
relation between the symbolic expression and its ensctive and iconic repre- 
sentations. Nonetheless, in spite ©f these difficulties, a pedagogical ly 
important result remains i teachers were able to perceive several ways of un- 
derstanding a given concept. 

While agreeing that there were many ways of understanding the same concept, 
they repeatedly raised the quae t ion "How can one be sure that the understand- 
ing) is not instrumental?" For instance, how can one decide if the procedure 
indicating a relational understanding of addition (bringing together and 
counting on) was not the product of rote learning? As a matter of fact, 
nothing can guarantee that the processes used are not resulting from pure 
memorization. This problem brings out one of the difficulties experienced 
by teachers in their transition from the evaluation of skills to the evalua- 
tion of understanding, as far as skills are concerned, the student's suc- 
|^>i can be easily verified by the right or wrong answer and h«is results ar* 



proof 0/ hie mastery. In contrast, there are no "proofs" in the evelu£*ion 
of understanding. The processes used ** criteria can at beet be construed 
ta indications and these stay lead to sosa inferences regarding the nature of 
the pupil 'e understanding. It took our teachere five weeks to echleve this 
transition and to realise that only through e questioning of the child could 
they Verify the validity of their inferences about hie thinking processes and 
.reasoning. 

INTERNAL CONTRADICTIOUS OF THE MODEL* 

The tcachcrn' equivocal iee*.xicn ebout instrumental understanding raieee ques- 
• tions about the internal consistency of thj6 model .we usod r Ite snalysis 
- rev«aU sever el contradict ions. 

The first one of theee relates to the instrueentel sods* Aa Mentioned eer- 
lier ( we used this terminology to describe a sp«cific proc««« I the initiel 
construction of a concept) end also to qualify anything learned by rote, of 
course, by rote learning we are not referring to any "eutomatisaut" one 
develops following a process of assimilation (as in the memorization of num- 
ber facts following the construction of the concepts of addition and multi- 
plication). We mean specifically those processes which ere memorised without 
the intervention of any reasoni ng. , Mow, s ines. nruieratanding-neceTsTrlTy Tn^ 
-varw»i^tTUnklng proceeeee,. any attmorisation devoid of reesoning can hardly bs 
qualified aa comprehension. Thus, it ie not surprising that even at the 
leVml of definition* the instrumental mode aa defined by fiksmp should have 
conflicted with the usual meaning of the word "underetending" <Collls # 1901 j . 

The second contradiction involvee both the instrumental and relational modes. 
Indeed, by accepting Skemp's definitions end by adding other criteria based 
on procedures, different but contradicting evaluations of understanding be- 
come poeeible. For instance, the understanding of addition in a child coun- 
ting ell (counting from one) can be called instrumental nines it corresponds 
to the "initial construction* criterion. On the other hand, i* could elSo be 
qualified ae relational if the pupil can juntify it. How then can one charac- 
terise the studsnt who can justify the more evolved procedure of "counting on"? 
As shown by this example, a modwl of understanding cannot use simultaneously 
a criterion based on a procedure and also a criterion based on its justifica- 
tion. In fact* just as procedures can be learned by rote, they can also be 
justified, since justification bears witness to thinking processes and rea- 
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mming, it ifr'-bound up with th* global notion of understanding and thus can- 
not be considered the attribute of any particular mode. 



* third contradiction is linked to the relational and formal modes. In the 
model we hava used, justification eerved as a criterion for relational under- 
standing. However, as Mntioned above, any justification suasions up the 

child's logical thinking and could even revaal "the combination of mathema- 

i 

tical IdeesMn a chain of logical reasoning", it thus follows that a given 
evidence* of understanding could be viewed both as relational and formal. 



CONCLUSIONS 

wraarctTons we have juet described arose from our attempt to 
graft onto' the three preceding models additional criteria nc ded to describe 
concept formation. Thus we ended up with a "hybrid" model which, as Skemp 
(1981) ha j pointed out, was trying to describe both various states of under- 
standing au well as the construction of understanding. In summary, we have , 
tried to include "initial construction* 1 in the aense of "operational ization** 
as a criterion of instrumental understanding! we have associated with ths rela- 
tional mods criteria involving notions of invariance and rtvarsibi lity born out 
of "reflective abstraction"! snd we have interpreted the formal mode as e 
"formalization" of relstional understanding. In fact, these new criteria which 
vs added to the older models provide us with the means to describe the varioue 
stages in the construction of a concept, a construction which must be based on 
the child's intuitive knowledge. Consequently, it will.be necessary to cons- 
truct m new model which will provide a proper framework for thess new criterie 
while avoiding the past' contradictions* • 

Of course, the new model will have to meet other requirements* First, it w'll 
have to answer the psycho-pedagogicel needs of the teacher a and attune thee, to 
the children's thinking. .This is essentlel in a constructlvist approach to 
learning wherein the teacher's role is to ectively guide ths child in ths cons* 
t ruction of his knowledge. Moreover, the new model will heve to be applicable 
to the analysis of concepts, of arithmetic operations, their properties and 
their algorithms, while distinguishing between content end form. Some psy- 
chological questions regarding the new wodel are diacuased in a companion 
^ ^Herecovice and Bergeron, Minnesota, 1981). 
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Y*«ng (ailtVen's Re* Meets InSolvHtg Word IVoMeaas: 

>Str*te giei aae* Performs tec of IneM? ldvals ^ 

DUneJ.ndtreamiJinit.ljftin _ 

. — ■ Came^- Mellon University 

What native uiidcrstandmg do children bHnc a* a basil for study of word problems in elementary school? We 
address this question through detailed omcrvatton of Individual children i>f .kindergarten and preschoot age 
(4 and $ yean), wkh the aim of aesesMng their understanding of situations involving addition and subtraction 
and their ability to use this understanding to solve such problems. 

Our theory of performance for problem solving In elementtry mathematics and science (Briars and I .irk In. 
Itt1> kvfhn( problem solutions involve either a problem representation that corresponds very directly to 
the familiar reaf world tmaatloft d es c ribed by the problem statement, or a mafhtmattai! representation that 
reflects the afcstrartmithemate^ For the simple addition and subtraction problems 

considered here, naive repreycirtauoni Involve either combining two groups of objects, scrawling one roup 
Into two. or matching one group against another followed by an appropriate combination or separation (see 
Table I). the' nuKhemaucat structure of each problem consists of a part-whole structure with appropriate 
subsets and supersets mapped onto |rs components. Then any missing part is found by appropriate 
combination or separation* 

bur Initial eicpectatJon was that young children *ould most readily solve those problems for which the answer 
simply appears >hcn the problem situation Is acted out, problems readily solvable with a naive representation 
(c.f. problems I and 2 in Table \% Converse*/, toy should find moat difficult problems tike 3 through 6 In 
Table I (or which acting out the situation ytctda an answer only through further manipulation. In these more 
dlffcuh prnbtom, the action (combination, separation* or matching of sets) does not necessarily correspond 
lo the mathematical operation (addition, subtraction) required to find the answer directly. 

Previous research docs support this expectation (Carpenter 4k Motor. 1979. lusher. 1979, Riley, 1979). 
However, past tor* has not addressed two Important aspects of children's problem-solving: performance 
(Wowing aome minimal eiplaoation and conaistem ability lo solve a number of problems of a particular type, 
Thcat fartora are important In examining children's skill because word problems are often unfamiliar to 
children. Consequently failure lo solve any given problem could result from simply not understanding what 
the problem wm asking. Correspondingly, a single correct solution could be a lucky guess. 

In the study reported rme the aoal was to assess the rtHrkka of young children to solve stmpJc addition and 
subtraction problems. More specifically we attested thdrW of nahe strategies (acting out the problem) and 
mathematical strategy (transforming the problem into a standard form and flexibly applying the appropriate 
combination or separation operator). \ * 



W wrfc »««ptMrtriby NSF |tm< MMtbtf I 356)3 mibft* IVfcMt A4u«ct^ * cwt*tt» rtejcctti Attney (DOW. A*PA 
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laklcl: l:winplci>rpri»blcimuvcUHi,tlwitudy.' 
Ihe dcxnptioiu in parens » » T u.,i t Uu ' i i jul iL|ji L *;ni^u^ i nv^iriLln Uic vciMi u n.scp.iMlc. matc h), 
the mathematical operation ( + . ) <md a dc*n#iioii of Uic unknown (eg , result. clumgc\ large xt, uiuincljr 

^rt-Wbolc, Actios Verb Same as Ma t*«utkal Operation 

1. Wally has 5 pennies. His father gives htm 4 nuirc pennies. How many pennies di>cs W.illy have 
miw? Omii/Addilion/Result tin know u) ^ 

2. "tticrc aic 7 ears mjij^rkinglui^oWH^^^ cars are in the parking lot 
now? (Scparatc/Subirattwn/Rcsolt Unknown) 

sr Rart-Wbole. Act Wi Vert DiflereiU ¥tom Mathematical Operatic* 

y/Um ha* b marbles in his pouch, lhen ho finds some mure marbles. Now 1 un has 10 marbles. 
How many marbles did he find? (Jow/Subtfac I ion/Change Unknown) 

4. 10 people arc riding on a but ITica some ufthc people get off the bus. Now there arc 7 people 
ruling <Hi the hu*. Iluw nuny people got off of the bus? (Separate/Sub traetiort/Oumge 
Unknown) 

5. Terry has xxne sea tolls. I Two her friend gives her 5 mure sea shells. Now she has 1 1 tea shells. 
How many sea shells did she have to start out with? (Join/Subtract ion/Start Unknuwu) 

6. Hie rc arc uwc buds sitting in a tree. 3 of the birds fly sway. Now there are 6 birds sitting in me 
tree. How nuny birds were sitting in the tree m the beginning? (Separate/ Addition/Start 
Unknown) 

"V 

Comparison Matching laingttctt 

?. 5 child i en are wearing hats 'tticre are 4 extra hats. How manyjuts are there? 
(Mitch/Addiiion/I arge^et Unknown) 

3 I rtcrc arc 7 tups, Ilierc are 10 saucers. Iluw many sauccis won't have a cup? 
(Mauh/Suhiraclioii/Dtflcrcncc Unknown) 

9. lltcre are 9 children and some swings. 3 children don't get a swing. How nuny swings are trjerc? 
(Matcli/SohirattionVSnull Set Unknown) 



MkriHODOUttY 

-v 

Procedure 

Wc used the following procedure in an effort to maxtinuc Jhc children's opportunity to sliow us the extent 
(and limitations) uf this understanding: 

1. Wc worked with the children individually, constructing detailed records of their behavior. 

2. Counted (poker chips in two colors) were made available These materials were intended to <i:d 
childieu in slmwing us their model* uf the sfioatnms desenbed, and cuul*! abo act as 
computational devices for children Urgcly^wilhoui knowledge of number tacts. 

3. When a child miscounted 4 set of poker chips, wc asked for a recount, and assesses the solution as 
correct if ultimately the cofrcct answer was given. Our experience ts that children often give 
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answers incorrect by I or 2. doc cither to mfoctHinting or to toeing poker chips. 

4. M(nt miportantly, when a child worked a problem incorrectly, or sfomcd oo knowlcdRe ttf how to 
proceed, wc showed the child briefly. "Here is how I would do It* Our final aw^mcnt of the 
child'* ability was then based oo three or mote independent correct solutions Tor subsequently 
, presented problems of the same tjrpc. 

ProMewn - ' - " 

The problems used, of which a sample are ihcmn in Table I, are similar to those used in classrooms and 
studied by other investigators (at. Carpcnicr St Mojct, 1979, Ncshcr, I$f9, Riley, 1979, Hudson, in prcssfc 
The first problems involve either two parts combined to make a whole or a whole separated into two parti 
All involve action verbs <cg^ fly away, give) that directly specify combination or separation, l-'or these 
problems the appropriate mathematical operation (combination or separation) can be citftcr the xmtt as the 
action described by the verb m the problem or diflirettt from that action (see Table I) 1 . 

The remaining problems Involved comparison bet ween, two sets. As shown m Table I. there arc basically 
three configurations for such problems, two that require the mathematical operation of subtr.iction 
(separation) to find the smarter or the difference set and one tha: requires addition (combination) to find ihe 
larger set Rach problem was presented jn a language that made cx^ 1 * »»»c naive matching between sets 
(through the use of naturally paired objects, cups, and saucen hens and ncsb). and through phrases like "I tow 
many won't get"*. 

Thus, all the problems have an apparent naive representation suggested by the action verb or by the naturally 
paired objects. Ihe action in the problem can be directly represented by combining, separating, or matching 
poker chips. The mathematlcat operation needed to solve the problem may be the sarjic or different from this 
naive strategy. We consider separately, (and do not report here) problems with alternative language less 
directly connected to a naive representation: although these problems were generally nwrc difficult, the 
difficulty paiterm were simitar to those discussed below. 

S»kjeets 

Ihqfubjccts were three kindergarteners (u*an age 5 y. 5 mo.) and six prc-klndcrgartcncrs (mean age 4 y. 10 
ma) from a university laboratory school and three prc-klndcrgartcncrs (mean age 5 y. 3 mo.) from a local 
day care center. Ibis sample reflects a range or educational experience and age. Ihe kindergarteners had 
received some Initial formal Instruction In adding and sobtractteg. while the pre-schoolers from the day care 
center had received little. Only children *ho could correctly count and make a set of II objects were 
included In this study. 

Coding of l*roMen* SafatlofM 

Tlic children's solutions were categorized by the following actions used to rdatc tnc *cts in the problem 
representation. 



pwWem 4 It inHfcHy that Ihe w<haroHeal of»mflo« mrtchei Ihe mh. however, ihe Hemmeot oie *»gsetf* an «cOon 
r| mVftrt town lhat *f tj* imihc*twn<;U f**t»0<j» of mAiik O«o twinned in foul the awwef Ihe we cnrtcs*«"h In 10 ■ " *Mte 

_ ..Ila aa hMmt Ltt^ft fMyiMfwtfutd lit IA f « * 
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♦Oitt^^aLwMUuK-io. C^HKimi^ciiliciby iimMi« bulb awl mm MibiMw tcii tir 
b f ,,auig*mc«ndcuoa^ 

*~ ♦Scpiinac JIM J Sc^Ia Make e set gating -*J**™*^J^ * m 
Kptcxn m the smaller wumbcr (S); or remove a id so Own Ok smaller number » fcft (Sl> 

' IMiof Uw r*c*cciii.| .cIhhucuii be uxU with cither a naiv* rcp**m*Uon (if the action cmr^ub to ihc 
*acr*cd w ihc priticui) or with a mod*™**! rcprocm^ (if UK <clion k the some a* ihc 
! ,»*ihcmaiical operation replied to find she answer* CooscquciUiy. whether the* action* reflect naive or 
^iMlttiutical rcprcscMatfous depends oo Ihc problem solved. 

V. #li*UoW Male an notary id to rcpfc^nTiott*". Combine with it or separate fr om it a sec 
Icpitruiu* a known crui*c. Check Out ihc Aaai f emit correspond* to me knowi iicuiU set If 
JI TdM ihc arbitrary *ci repeal ihc cycle, to* action always corresponds to a naive 
proifcm rcpresvniationiaod fcalway* used wiihacomblocwieparaiaaciloa. 
_\y * 

♦ Dual Ihc a static sci of cowicrt in a dual role representing cither of iwo sett la wiclo-on* 
c7*rc^uki*c. Urn tuk» always rclfcctt ihc rflatheuiaucel rcprcKWauoa of two matched sell 

• m cqui» Jem *nd k* u*cd w kh i combine or separate action to sol v* comparison proWcrne. 

0 

• Match, fccpracnl cwTCSiwndlug ** by two sett of counter* placed^ caphcii ooc to-ooe 
7 SrrcHHi.iOciKC wUh each other. This action stways reflects', naive reputation of 
/-^- -corrcjpuiRkwc; M in used wMh a combfcic or separate action to solve ccmparbon problems. 

For each problem type, we dcurauncd the actmn(s) bated on the mathematical rcprcscirtatkm of thai 
piubkmandbascdonUierwlvc representation. For ihc mahcuulUI representation of p*rt-wbok problems, 
* Ihc **oclalcd at uo« » simply combine or separate, expending on whether the operation required so And the s 
answer tf addukm or mbtraciloa. For comparison problems, a mathematical representation involves using a 
sin** set of counters !» a dual role (!». This action Is esecuicd with an appropriate ccmbtiic or scparaie 
action (l)C for problem 7; IB for problems t and 9). 

Fur part-whole problem* the aciU based on she naive representation are basically combine or separate 
depending on whether the veib in ihc problem describes coinbhutk^orscoamiun. Ucse action* arc all dial 
aic^ikdf^prt^bleiti l(C)and2lS). If the change is unknot, then a nal«-b*cd action must be u*d In 
a different w,iy: (CI) comblmhg ctenfcma up to a set of given sUc, (problem type 3); or (SI) separating 
elements off until * set of sjven sire is left (problem lype 4). If the siailing set is unknown (as in problems $ 
and bu ihn set must be estimated *clore any coinbination or separation can be done, and the mlvcbascd 
~ actwr*™ir*ndi:s. tt* comparison pvobkm naive-bnsed actions always include ciplfczi matching (MX 
together wkh the necessary combine or separate (MC for problem 7. MS for^oblcm e\ SM for problem 9). 

r HKSUI/IS 

Tabic 2 sumnurlm pcrfonnancc on seven of the nine problem types described in Table 1* Ihcsc problem* 
V.*™** . m ^i«o(ma ** ««i^ ***** H -mi 2) w m mkKkM « r+k i; an n^c. jut mm 

K^W>CiaMi«U fcC*i*»< lK V^* ^k* ^<UK1| WMh Ui* MitC »»J MWitk^KSl it1Wt**UIIU-4 uT Ok^ p<u6l«a. 
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arc labeled by their number from I able I. by the nature of the unknown (eg., result, change), Juul by the 
nature of the cue* lo a naive reprevntaiNin (Join or 5ep.if.1te verbs, matcjiinp. phrases). ) cltcr* Indented the 
main actkms (o relating sets an described earlier. 



laMe" 2; Children's performance on problems 3-9 from Tabic I. 
I ctters refer to Uw main action used hi relate sett In the problem" < "omWiK. Comblnc-IV. 
* Separate, Separate To, Miniate, Dual, Match. 



Unknown Set' 
Cue 
Pr»Wcm $' 
Ptthrmmt 
Al Criterion: 
• Given Help: 
One Hhor: 
Act laws 

Naive: 
Math^mMkat: 
Dominant: 
Act la* the. 

Naive Only: 
Math. Only: 
Both: 
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Tw aspc-ts of children's performance are nf Intere*: (I) children* problem living <abHll»cs under 
conditions designed to maximi/c performance; (2) the problem representations (naive or mathematical) irscd 
In these successful spoons. 

rra*4wiS«4il«gAWHty -^%r^ 

As the top of Tabic 2 lmllcai4fcWWi*« h*** a good ability to soli c these problems. All of the 

kindergarteners and five of the p« kindergarteners ultlfnately produced consistent correct Milutlons for alt of 

the problem* Consistent wlth*>re*lous research, the moat difficult probterm Involved an unknown starting 

act Other proWerm were solved consistently by 75% to 100% orthc children. * 
* 

Other meaaurcs.of problem difficulty, the mrmber of children requiring 9 demonstration arid the number 
hxorrcctlf solving, one problem or a particular type. Indicate the following paUerncjf problem difficulty 
which k similar to uW ft*nd by other rtseafthcrs (sec Table 2) (Carpenter A M*r. 1979. Ncshcr, 19)9, 
. Rllcy, 1979. Hudson, hi press* Of the part-whole problems, result unknown problems were the easiest and 
tho* rlth unknown starting quantities the most difficult. *Hws under lesi than optimal condlt'oni (no 
dcmomtratW presenting tmty one problem of a type), our study pn>habty would have replicated previous 
results. Wcvlousty obsc^cd dlffcultlcs with some of these problems may thus have Keen due to J lack of 
•jimlllatlty wjth fflTprohkps. rather tlian a lack of understanding of the problem situations. 
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I'rolkiN Nrprtutitalioit * 

Given that chitdtcii arc capable of solving these word problems, what kind of problem rcarescniatiuns arc 
uscdm their solutious? Ihe actions impktncnted with ihc poker-chip counters reflect these rcprc^nutions. 
~ Htc-botiom of table Isw.'nwMucsirw^iuni.dcscrjbcJ earlier as associated withjhe nai ve ami ttu ahcma t ical 
rcprcscritaupns for each problem, and the actions of the subjects. 

Children were remarkably consistent in their approaches to problems. With two exceptions (problems 4 and 
7) ducus&etJ below, each problem was characterised by a single dominant acitun used in the solutions of over 
75% of the children. In some cases, this consistence was maintained even when problems were presented after 
an interval of several days. * 

rati- Whole ftobtam 

For thrtk of c four problems no child used only actions reflecting a mathematical representation. For the 
changcunkpamnprobkms(1and4)alland half the children respectively used actions associated with naive 4 
representations. Of the sit children using both types Of actions for problem 4. only two used -the 
mathematical S action more often that me naive ST.* m s 

I* or the startumknown problems (5 and 6) the predicted naive-based actions were not used exclusively by any 
child, although ifffcoth cases thrccthOdren used these strategics along with others. In problem 5. ftyc of Uw? 

. children used exclusively the Cr action, reversing the roles of the start and increnicn*.scts to makehhis 
■problem type identical to the increment-unknown problem 3, While this action does not re'ftect the 
irtathcmatical representation allowing direct use of separative to un&N) the combination described in the 
problem, it is clearly a more sophisticated pattern of reasoning than simple acun g out of the problem situation 

* with estimation. 

In Uic separation start-unknown proh!*ms (like problem 6). the dominant action was combination, 
superficially corresponding u>*a mathematical representation. Howvvcr. most children employed thii action 
tn the contest of acting out the problem. For example, a typical solution was: 

Here arc the 3 birds that flew away (push set away). Here art-thc^that stayed home. Now 
bring the 3 b irds back. At the beginning there were 9. 
Ihus the C* in 'iabk: 2 reflects our belief that for some children die correspondence ^ the* mathematically 
basctj combine action is an artifact In fact these children had an unanticipated way of acting out their naive 
representation that happened to result in a combine action. Other children, however, used a combining 

action that d«d seem to reflect a mathemabcal rc^csentation, 

i , 
Comparison PrMittt 

In addition to consistency of action used for each problem type, most children used a consistent approach for 
ail of the compalison problems. Four children used actions based on a naive representation on all three 
problem types, thice used consistently actions based on a mathematical representation for two of the three 
problems. * * * J 

In two of three comparison ptohlcm types (7 and 9). nearly half the children ore indicated as nsin^ the 
.lumedatKally ba^ed "dual" action in which pre set of counters stands for two matched scu. However, as 




• r 

' wras the case m problem type 6. we suspect this result b in part an artifact m which an imantklpatcS form of 
act h>S out the problem resulted In in action aHTCsponding to the faiuScmatlc.il rcpres?niaiion. Specifically, 
in solving |>rob)cms or type J. children tended to speak or matcircd items (eg., hats on children) and 
unmatched kerns (extra hats). Tfhe desired tout number or hats is then found by combining. But the use of a 
single ict of counters to represent "children with hats" may-less reflect understanding of equivalent tched 
sets, but rather the stmph single set or hats worn hy children. «• 

\ IMSCUSSION 

If such young children can demonstrate such superb performance cm a comprehensive set of word problems, 
f why are word problems so unlversalfy acknowledged a difficulty for older children? To answer this question. 
v let us loo* at how the young children solved a problem like problem 2 in Table 1. and ask whether a similar 
procedure mignt be used 6y an otdcubitd on a comparable problem. 

The young child hears that Steve has some marbles and then gives awsjr 3. Mimicking the action of the 
problem, he putt out tn estima^d group of marblesLtakes away 3. and adjusts the previously held counters in 
order (b obtain the specified number 5. At no time netd he explicitly recognize that sets of 5 and 3 poker 

chips must be combined into a ret Including |. 

♦ t r 

Now let us imagine an older child confronted »Hh the problem. Steve has some marbles, he gives away 34 
more and now had 96. How many did he have in the beginning? Unless the child has the patience, accuracy, 
and time m act out the situation (eg^ with pencil marks), she can not use a strategy analogous to (hat used by 
the younger child She must, m order to solve the problem, have the insight that this story involving addition 
of marbles must In Act be solved by subtraction. 

Thus, future research on word problems must focus on how children make or fall to make the transition 
between acting out problems (what we have called using a naive representation) and rc-rcprescntlng these 
real-world situations in terms of their mathematical structure so as to determine the appropriate mathematical 
procedure. 
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MICROCOMPUTERS AND MATHEMATICS EDUCATION: 
IMPLICATIONS FROM AND FOR RESEARCH' 

Suzanne K. Oacarln 

The OMo-SUte-Bnf vers Ity r 

i ■ 

While computer-assisted Instruction his been a part of mathematics education 
for many years, the availability of the Inexpensive stand-alone microcomputer, 
coupled with other'developments In educational technology, heighten the Im- 
portance of computers In mathematics education today. In this paper It will 
beared that rest r.h In Mathematics education, and especially that re- 
search which has focused on psychological variables, can 2nd should have a 
considerable Impact on the directions for development of educational soft- 
ware. 

Recent advances 1n computer-related technologies have the potential for pro- 
viding educators In general, and mathematics educators In particular, with a 
dazzl Ing array of new Instructional tool*. Moreover, Industry projections 
for the development of new hardware, the expansion of multi-purpose computer 
* networks, in d the decrease In cost of each of these over the next few years 
Indicate that the Immediate future will put ad even greater array of attrac- 
tive tools at our disposal, lie find ourselves faced with an abundance of new 
gadgets wh^lch can release us from a world of textbooks and dittos to a land 
or graphic displays, Individualized musical feedback, instantaneous hints for, 
reluctant learners, and VQtce synthesis for non-readers, It Is tempting to 
reach Into this array of hard- and software, grab some bit of microcomputer 
capability, and adapt It without thinking (though possibly with a great deal 
of programing skill) to a teaching objective that predates the turn of the 
century, 

unfortunately, this temptation seems to have guided the developers of much 
of the software which Is commercially advertized as enhancing mathematics 
education. An all too frequent outcome of this Indulgence Is an Inappropriate 
application of the technological tool to Instruction. A single example can 
Illustrate the nature, though not the scope, of the potential mismatches* be- 
tween technology and curriculum, Mure than one educational software package 
Includes programs which combine +he following elements. 




A problem 1$ displayed. The cursor 
Hashes In the appropriate post t ton 
»for the correct number of decimal 
alaqes. 



a 



Should an erroneous answer be entered, 
"non-threatening" negative feedback ts 

J Wen. (The wrong answer then disappears 
fid the cursor reanpears). 



*« 

I $10 i 



Shwild the correct answer be glv^n, the 
•toblem and solution are immediately 
removed from display and*reptaced by 
a clever but Irrelevant graphic and 
Musical "reward. 1 * 



(tot can Imagine the student weak In computation, art! therefore "needing" this 
program, trying to Juggle pencil and paper, copying the problem, multiplying, 
adding; all the wn*le the cursor is flashing "hurry up.* A wrong answer and 
tjierc Is no escape from the "non-threatening" sentence to trying again. InX 
soffcr as this example is typical of computer use In mathematics Instruction, 
and It 1s closer to the norm of avatlable software thin we would like to be- 
lieve, the microcomputer will not enhance , udents* learning of mathematics, 
but will shortly find a home in classroom closets around the country. 

tf the microcomputer Is to become a useful teaching tool we must first re- 
member thati unlike the textbook and culsennaire rods, It was not designed 
as a teaching tool, but rather for other purposes. It will become a ^ood 
tool for teaching mathematics only If, on the one hand, we recognize these 

* It Is interesting that ane of the most common error messages a novice BASIC 
prograwwr receives Is "Type mismatch". The computer protects Itself from 
Internal mismatches of data types but does nothing to prevent us from mis- 
matching Input demands and the nature of the task display. 

44 
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•urposes «s thty effect society 1 * needs for mathematics Instruction and, on 
the othtr hand, we seek to apply the computer to Instructional tasks, and 

problems for which It Is un iquely well suited. Our prUMiry g uid es tn this 

Utter task oust be the nature of mathematics and the research literature fn 
mathematics education and cognitive psychology. The rem .der of thts paper 
Mill sample the potential for development of computer-based curricula* and 
will raise related research questions* 

NIOMDUAUZIHG INSTRUCTION . 
Over the years cc«puter-ass1ste4»1nstruct1on has had a Major impact on the 
Individualization of Instruction. Not only has the computer been used to 
monitor end administer Individualized treatments as In If I but aUo the 
availability of^cmputer yodels for Instruction* has motivated the development 
of countless other individualization models which rely on the actual avail- 
ability of a computer temlnal In degrees ranging fro« total dependence to 
complete Independence, However, the individualization of Instruction has, 
In general , beer effected primarily by the pacing and branching of students 
through rather traditional linearly ordered print materials (Uitzel , 1961), 
Little attention, has been paid tn these programs to Individual differences 
variables such as f1 eld-dependence/independence, spatial visualization, 
learning style, symbol comprehension, or related variables , nor to factors 
related to the learning environment, In Kilpetrick's (1975] terms, the In- 
dividualization Is based upon task variables, but not subject variables or 
situation variables. Theme is a clear need to Individualize instruction with 
regard to the latter fo |vpes of variables as well, The microcomputer af- 
fords us the opportunity to Individualize with respect to each type of 
variable Independently or jointly. The potential directions for such individ- 
ualization are almost infinite and suggest numerous areas for both development 
and research. 

Aptitude- treatment- Interact Ions have been studied extensively CCronback and 
Snow 1977, Snow 19>8). Although Begle (197a) has argued that ATI has not 
yielded pro»U1na resulls, HcLeod and others (e,g. 1980 a,b, 1978) have 
found evidence for ATIs between field Independence and performance on a variety 
of mathematical tasks*, several writers (e.g. Snow) have argued that failure 
to # 1nd ATIs results from failure to contrast treatments that are essentially 
different, rather than frun non-existence of Interactions* The computer can 
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provide the opportunity to teach students with Instruction!! treatments 
that are' radically different from' the "regular classroom." Combinations of 
or«PMcs and tent. - real -Mm simulation y$. sequential description of 
processes, availability of hints and second chances, use of sound and 
visual cues to aid In Internalizing concepts, number and diversity of ex- 
tables and non-examples available, amount of redundancy, and numerous other 
variables can be Manipulated for both Instructional and research purposes. 
Moreover, computer storaoe and analysis of selected data on students 1 per- 
formance on various sequences and types of tasks, could be used In Individ- 
Milled construction of tasks and task sequences for later Instructional 
, components. 

» v 

HMla the foregoing discussion relates to use of variables such as field 
Independence and spatial visualization to esslgn students to Instructional 
treatments, 1t is Interesting to speculate whether these aptitudes might, 
In fact, be teachable using interactive computer graphtcs, Hhlle' there Is 
no evidence for this hypothesis, It does make some a priori sense; the computer 
cin be programmed to allow students; to remove parts of figures (and replace 
them), rotate, translate, and reflect Mparts, color parts of figures, and 
so on. These are actions whtch (presumably! must be performed mentally 
. In tests of spatial visualization or field Independence, but can be per- 
formed "actively - on the computer, 

MATHEMATICS LABORATORIES 
Wanlpulat!on of figures, whether for thts purpose, or for other Instructional 
purposes, 1s but one of many ways In which children can "take charge" and 
experiment with mathematical concepts using microcomputers, Much of the re- 
search supfcu* for use of mathematics laboratories (Lash 1974, Fitzgerald 
and Hlgglns 1975) supports, either 6y direct use in treatments (e,g, Davis 
1961) or by Implication, the value of computer-based manipulation of objects 
and symbols. One ylew of the computer In^the mathematics laboratory is as a 
9enerator of objects lying between concrete materials andplctorial repre- 
sentation on the concrete to abstract continuum. In tMs vtew, computer 
federated objects can serve as a bridge from three-dimensional objects to the 
tmo dimensional representations on the printed page, Research is needed to 
fj determine the extent to which this view Is useful. 



--- LEARNING STYLES 

There «re several models of the brain and brain functioning which provide 
direction for exploration of mathematics learning (Languls et al, 1380); the 
Tnfbrouitf on process fng anTltf camera 1 node! s are both foci of clurenT resTarc F 
an mathematics learning, Greeno and others orklng with the Information 
processing eodel ere discovering How children develop, construct, or leern 
numerical , ^onetrlc, and measurement concepts. This line of research can 
nave tremendous implications for development of co»puter-based-educat1on; 
the View of the "student with computer" as an Information processing dy*d with 
t stnsle prob«aa solving structure should be a powerful research tool, 

The bi-cameral or hemispheric model has led to 4 90od deal of research on 
•learning styles ;* and the Identification of two distinct styles, one 
characterized by a holistic approach to Earning tasks and tht other a more 
analytic approach, Of particular Interest in this regard Is the clinical 
research of Pat Davidson (19791 on mathematics learning styles through which 
she has Identified approaches to. mathematical tasks and concepts associated 
with each of these global learning styles'* >The Implications of this line of 
research for computer use and research 1n methemattcs education have not be- 
9un to be explored. Thera are potential implications for both the Individ- 
umttiatton of initial approaches to concepts and the sequencing of Instruction 
to facilitate assimilation of new knowledge to established scheoas, 

LEARNING ENVIRONMENTS 
Hany writers have addressed the rele of the computer In creating r.ftw learning 
environments. Papcri (JOSO) fcii .ryufcti that the computer can afford children 
the opportunity to mathematUe and to construct mathematical structure rather 
than study about mathema tics, Goodman (1981} addresses a related effect of 
the computer on the child's learning environment in hts discussion of the 
opportunity the computer can provide children to send powerful messages, th«t 
Is, to send messages that cause things to happen. 

At the moment there are many debates concerning the global effects of computers 
on school curricula, the nature of computer literacy, the 'best* 1 computer 
language to teach children, and related issues, While these debates continue 
into the future reflecting new developments In computer technology, mathematics 
educators can ntke many advances by exploring the fnterface between our 
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'onslderable existing research base and the capabilities of modern technology.' 
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MMNiriVK SCIKWCfc AND MATHEMATICS EDUCATION 



Hubert B. Davis 
University of Illinois, Ur bans/Champaign 



For thu pjat seven year a a progror hiw been In progress *t the Curriculum 
Laboratory of the University of Illinois Co develop a conceptualization for 
di scum wing human thinking about mathematical taako, and to obtain observa- 
tional data to enable this conceptualization to be extended and refined,, 
Obaervat lonal data comce both from publlahed report* of wurk done clacwhere, 
and frost our uwn Long Term Study , which follova Individual students for five 
yeura, or even longer. Studenta included in the atudy range from third 
graders tu adults In community college couraea, with the greateat emphasW on 
grades a even through twelve. (Davie, 1976; Hannibal, 1976; Davis and Douglas, 
1976; Davis, Jockusch, and HcKnlght, 1978; Davla (In preparation)). 

B*slc concepts are adtiptftd from recent research lu cognitive science, (or "ar- 
titlcUl Intelligence*), especially from Hlnaky (1975; 1980), Papcrt (1980), 
Mlnuky and Pjport (1972), and Schank and Ko'lodacr (1979), and deal with struc- 
tures capable ot representing knowledge In such forma aa to make poaalble vuri- 
oua kln'ls ot Information processing that ere known to occur tn human thought. 
Two funuaaentul concept a reported prevloualy are prune Juraa and frameo, the 
latter Introduced by Hlnaky (Hlnsky, 1975). (See alao Davla, 1900.) 

Keient work has dealt with the following: CD Identifying certain framea that 
ace wonaonly ghared by uoet atudenta at certain approximate ages (Davis, 19B0) ; 
(2) control, und thu transfer of control from one atructure to another (Davla, 
In preparation, Hntz, 1980; Klaaland, Note 1); (3) methods for atorlng infoi- 
motion In nciaory so at to make poaalble curtain forma of retrieval that are 
knutfi to occur. 

By way ot Illustration, we present one episode, and * storage-retrieval 
mechanism that would 'sake It poaalble: B. , a mathematics teacher, was talking 
with a mutheiaatlca educator who lived In Oklahoma, and told htm of some rele- 
vant work being done In Texas. B. thought the Texas and Oklahoma . cucarchere 
might get together. Then, recalling that Texas la rather large, B. wondered 
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if he had Just eaid tionethlng allly. He suddenly recalled hearing chat 
there are pi sees in Texas that are nearer to Chicago than they ara to cer- 
tain other placet, in Texas. Thst instantly resilnded him that he had also 
hejrd that there are places in Africa that are doner to Alaska than they are 
to certain other plsces in Africa. How aright these associations* have occurred? 

'Sending*' One could lnsgins that when the Texes etory was heard, a pointer 
was inserted, saying: 'Refer also to Afrlca-Alsska-Africs conparieon.' There 
arc at lssst two things wrong with this assumption. First, in order to 
realize that such a pointer ought to be inserted, soae Kcchanisa has to look 
at this story, cosjpsre it with the Af rics-Alsska story,. ,*rid recognise that 
both stories have an .Identical abstract skeletal structure. In short,' s 
powerful 'pattsrn-aiatchsr' would be required, which goea beyond anv necha'n- 4 
leas cosstonly postulated at prasent. 

The sscond difficulty ia thst B. haard the T<*xas~Chicsgo story years before . 
he heard the Af rice-Alaska story. When the Texas-Chicago etory was coded 
and^etorod in neaeory, there tttta no Africa-Aleeka atory to list an a refer- 
ence! Are we to postulsts that whenever new data la scqutred, every existing 
atfMory entry nust bs up-dsted with a reference to the new data whenever they 
•hare a pattern, character, ecene, or what-havs-you in cotstoti? 

This sscond obje'etion la a fundamental one. The twenty-third tine that a 
pattern appeara r one nay conceivably ba prepared to recognise it. But how 
do you ever get a tar ted? The firtt time that s pattern appears .'t is NOT s 
pattern, since 'pattern' ia defined in tarns of especte that are coaaton to 
eevera) instsncee. (On ita firet eppeerenca, what wss the 'psttcm' of the 
Texss-Chicsgo story? That it dealt with a etate whose none begsn with ( T*? 
That it dealt with the largest etate in the United Stateo (which, at the 
tine, it did)? or what? 

Kechanisns to deel with thia qusation have been proposed in Hinsky (1980), 
Lawlsr W98t), snd Schank and Kolodner (1979). The key idea is the poetu- 
lstlon of s «ain collection of open frsnes. When the , Texas-Chicsgo l story 
first appears, it Involves inequalitiae in diataneee* It calls for the 
retrieval of the basic diotatusen frane, which includes something like 
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distance measurement, the triangle inequality, tlte definition of the 'dis- 
tance from a point tu a set', and so dn. (Perhaps this is reaiiy j kind of 
«efa-frame, and we are dealing with only s small sub~fraae contained within 



it.) in the course of the Texas-Chicago acory, a copy of the basic dis- 
tance frame has lta alot* filled with relevant ioforaatioa, and becomes an 

instantiated frane. 

Now — vhst is stored In memory? hearing the Texas-Chicago story, B. 

still has in mind the original baalc distance frame. (We never destroy our 
collection of basic frames.) But, as a result of hearing the story, he 
new Also has In memory: 

(1) the Instantiated frame, Its variable* filled with 'T> \ 
'Chicago', stc. 

(11) « record of utttfa of the basic frame, that reform us to ull those 
places in memory where various instantiations of this frame 
huve been^ stored. 
Notice Hut this solves several of the basic problems: 

(1) How Is 'pattern' defined the firot time it appears? 

Anauttr: By the portJsn of the basic frame that was used, . 
(Since the UioUsnaa t rams was osed to- compare the ulatance 
from some point A to some set B, as against the distance 
froa point A to some point A*, thi% Is thu pattern. The fact 
that % V la the Initial Utter of 'Texas' Is NOT part of the 
pattern.) 

Huw can the Texas-Chicago story send us to the Africa-Alaska 

story, which d id not exist when the Tcxus-Chlcqgo story was 

* entered Into memory? 
\ Atiavor: It doesn't — at leaat not directly. What happens Is 
this: when oitlusr of these stories arises — or even when B. 
wonders how close a city In Oklahoma la to a city in Texas — what 
is retrieved is the battio d Lot at ice from*), This is an 'open 
frames-Its slots are not filled with spsclflc data from any 
single event. It Is there to help us 'make sense* out of* this 
new input data. 
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BuY— whenever the baalc 'open' distance frame is retrieved, it 
shows us * list of previous uses, sivj where the results are 
stored in MCMory. If any of these sound helpful or Interesting, 
we know where to go to find the* in the font of instantiated 
frsses. It does not Matter which use cones first on the lint of 

previous users. ' » 

•• 
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SELECTED PIACETIAN TASKS AND TIIK ACQUISITION 
OF TIIK FRACTION CONCEPT IN REMEDIAL STUDENTS . . 

Roberta L. Dees - • 
University of Chicago 

* - • A . 

\ 

Students who enter secondary school have a} 1 received some in- 
atruction in basic* mathematical concepts and iki 1U. *" Competen- 
cy testing in many* states has made educators aware of the largo 
number of student* who have not mastered minimum skills fn spite 
of having received instruction. In particular, many students 
have not mastered the coticept of fraction or operations with j 
fractions. Even when correct answers are produced, n lack of, 
correspondence between the understanding of basic raathoinat icn X 
concepts and the possession of symbolic algorithms has been ob- 
served, both in elementary school children (James, 1980) and in 
upper elementary and secondary school student! (Noel ting and 
Gagnn, 1980). 

Those studying the structure^of a mathematics concept often pro- 
pose a learning hierarchy on the basis of logical relationships 
among subcoucepts. Various aspects of the fraction concept and 
operations with fractions have been considered by Croeno (1976), 
Kiereri (1975, 1981), Novillis (1976), and Uprichnrd and »<Phi Hips 
.(^1976, 1977)., Some mathematics educators hove suggested exami- 
nation of the underlying cognitive structure* of mathematics 
concepts in general (Lovcll, 1975; Carpenter, 1979) and of frac- 
tions in particular (lliebei^t and Totme3sen, 1978; Kieren, . 1975; 
Lesh, 1975;. Steffe and 1968). A current project reported 

by M»ah, Landau and Hamilton (1980) *eeks to describe for chil- 
dren in grades 2 through 8 the acquiuition of rational number 
concepts and the role played by various modes of representation. 
According to n*companion paper (Rehr, Post, Silver, and MieVkie- 
wicz t 1980), the study makes use of the following theoretical 
models of learning: the perceptual modCl of Diemts as modified 
by I»ost; an extension of Bnmer'a instructional model, given by 




U»»h, and an information processing Model . This ^aper reports ' 
sn attempt to determine whether the cognitive development theory 
of Piaget could add to our .under stand ing of the student's con-* 
| cepfc^ of fraction. 

Piaget has studied important pre-frac t ion 4 * . ncepts in small chil- 
dren (Piaget*, Inhelder and Szeminska, I960),, and other^ structures 
he described seem to be logically, re lasted to various models of 
the concept of fraction. The ability to conserve area, for exam- 
^ pie, would seem to be necessary for the 'understand ing of a frac- 
tion as presented in the area model commonly used in textbooks. 
A clinical study .was done to investigate tht thinking of secon- 
dary school students who were "having difficulty with fractions. 
This paper *is a discussion of work on the question: Is there a 
relationship between a student's understanding of the concept of 
trattiou and the studtnt's level of cognitive development on 
certain Piaget -type tasks, thought to be logically related to 
the coneppt of fraction? 

PROCEDURE « 

■» 

Certain Piagetiai concepts and certain fraction subconcepts were 
£^ selected for study. Specifically, this study was designed to in- 
vestigate possible relationships between: v 

1) Conservation of number and the discrete model of frac- 

,t I on , 

2) Conservation of distance and the number line model of 
fraction; * 

3) Conservation of .area and the area model of fraction; 

4) Class inclusion and the three concepts of fraction; and 

5) Conservation of number, seriation, classification, and 
class inclusion and overall success in the fractions tests. 

Three instruments were developed. The first was a set of tasks, 
similar to those used l>y Piaget to test for conservation of num- 
ber/ seria'ion, classification, class inclusion, conservation of 
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distance, and conservation of area. Tasks were prepare in bo( h 
concrete, or manipulablc , and pictorial forms. 

if . ' 

The other two instruments were fractions tests, one concrete or 
aianipulable , and one written, containing parallel sections on the 
concept of fraction (indiscrete, number line, and are* models) 
and equivalence and comparison of fractions. The written te: t 
also included addition and subtraction of fractions with like de- 
nominators. 

A pilot study was conducted with four students. Subjects for the 
main ftudy wre 10 girls and 15 boys in the tenth, eleventh, and 
twelfth grtdes (median age 16 years) who were enrolled in compen- 
satory classes in a Oajnosville, Florida, high school, and whose 
teachers identified them as "having trouble with fractions." All 
tests were administered individually; interviews were recorded. 

FINDtHCS 

In general, students scored very low. For example, no students 
were successful on conservation of area tasks; 8Z were success- 
ful on classification tasks. The percentage of students success- 
ful on each task is given in Table 1. < 

\ TABLE 1 

j Percentage of Students 
Successful on Tasks 




\ « Task 


Percentage of Students 


Conservation of nttmbe 


36% 


SerUation 

t 


44 


Classification 


8 


Claa/* inc lusio^ 


a - 


Conse'rvat ion of Distance 


56 


Conservation of area 


0 



No student paused all sections of cither tractions test. Some 
students could use algorithms to add and subtract fractions vith 
like deaotti'notors, but could not answer items related to the 
concept of , fraction. Table 2 lists' the percentage of students 
passing eacn section of the two fractions tests* 

TABLE 2 

Percentage of Students Successful 
on Sections of Fractions tests 

Form 

Sect ion Concrete Written 

Fraction- ">i.crete . 162 12% 

Models Nua,ber line 0 0 

Area 12 0 



hqui vale ut f rac t ions 0 4 

Comparing fractions .0 '0 



(Written form only) 

Add i iik tractions 32 
Subtracting fractions 28 



In an examination of possible relationships, the data were dis- 
played inWalbesser contingency tables (Walbesser and Eisenberg, 
19/2). In several cases, the students were not successful at 
either the task or the fraction subconcept; those cases yielded 
no information about the relationships. No strong trends were 
evident , but there were some patterns. Students who could con- 
serve number perforated more satisfactorily on the discrete model 
of fraction. Students performed better on the concrete form of 
the class inclusion task than on the pictorial (56% to 8X) . There 
seemed to be evidence of learning during the concrete version of 
the assessment i An inference of the study is that it might be 
possible lo develop a "readiness" test which would indicate stu- 
dents' ability to profit irom instruction on the concept of frac- 
tion. % \ 

\ 

\ 
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COLLEGE LEVEL 0£V£LOPMWTAL MATHEMATICS 
COURSES: WHAT IS DEVELOPED? 



Alice Hae Gucfcin 



University of Minnesota, Duluth 



* There Is • need to learn more aaout the characteristics of college 
level students that a^e deficient In mathematics skills to determine 
If It Is feasible to offer developmental courses -Uh the principle 
aim of developing abilities to reason abstractly an- to solve prob- 
lem*. In addition, such studies of the characteristics of these 
students might lead to suggestions for Improvement of the curriculum 
for elementary and secondary students. 

Many students enter colleges and universities, too poorly prepared to succeed In 
mathematics courses or courses requiring basic mathematics skills. Some of 
these students come directly from secondary school, but there Is a growing pop- 
ulation of adults -over age twenty-five. They^vary In their goals, range of 
skills and deficiencies, and attitudes. Frequently developmental mathematics 
courses are offered (with or without academic credit depending upon the 
particular Institution). In a single termor a year students hope to gain the 
mathematics skills necessary to survive In other college courses. 

Concerned about selection of objectives Fey states (Fey, I98D) that "very often 
the Judgement Is based on a mixture of tradition and very sketchy or shortslght* . , 
ed estimates of the world in which students will spend their productive lives.' 1 
Topics for developmental mathematics courses have frequently been selected on 
the basts of the degree of difficulty students encounter learning specific units 
In other courses (e * , expression of large numbers In an astronomy course leads 
to Inclusion of standard scientific notation as a topic In development mathema- 
tics courses). If the objectives are simply lists of specific skills needed to 
pass particular courses, then perhaps these skills ought to be taught in con- 
junct Irvt w! th the associated courses through additional classes or tutoring 
sessions or supplementary programmed materials. However, a developmental 
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mathematics class could directly address goals listed In the HIE Conference on 
Basic Mathematical Skills and learning Vol I): Reports from the Working Groups 
(Armstrong, 1975) . 

Even though students enrolling in such courses have deficiencies, they have made 
progress toward some of these basic skills. Because of lack of exposure, some 
students have made little or no progress toward goats such as knowledge of com- 
puter uses. However, It appears relatively easy to arrange"! earning activities 
directed toward such goals for these students. In contrast , the students en- 
counter great difficulty improving problem solving skills although they may 
have had considerable previous exposure, and there appears to be great' uncer- 
tainty of what strategies are most effective In increasing student proficiency 
in solving problems. 

One of the goals listed as a "further desirable goal" by the HIE Conference 
(Armstrong, 197$) is ability to reason abstractly. Listing this' as a further 
goal seems appropriate when considering students below the college level, but 
is it possible that Cor the adult this becomes a basic skill? If so, can it 
be taught? How? Or are there skills that can be taught that do develop a 
student's ability to reason abstractly? However, particularly considering the 
brief time available, one needs to determine characteristics of older students 
to select appioprlate content and methods of instruct hm to achieve the chosen 
goal s. 

If these adult students can be taught to reason abstractly, perhaps they will 
be able to develop better problem solving skills. In addition, it is hoped this 
would enhance the reaching of the general goal listed in the report of the HIE 
Conference (Armstrong, 197$) of "developing level of self confidence necessary 
to operate effect Iveiv in a society that makes use of mathematics and matheraa - 
ttca! ideas." College students will be expected to become responsible for their 
own learning. This Is difficult If a student completes specific requi refflents of 
a course but returns to a habit of avoiding mattiemat les because of lack of 
confidence. 

Chiappetta reports studies (Chiappetta. |376) indicating that 50* o f college 
freshmen have not reached Piaget 's level of formal operational thinking, 
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(Plaget's original studies In Switzerland may have utilized a biased sample 
giving Indication of an earlier age of reaching this level.) However, only It \ 
of mathemat les student teachers and none of the calculus students tested In I 
Chlappetta's sample were still at the concrete level. Nevertheless, the level! 
of reasoning acutally used by students Is frequently substantially below their , 
level of capacity (Dun lop & Fazio, 1976). \ 

\ 

Ptaget identifies two types of Intelligence - sensorl-motor and reflective. 
Skemp has modi f I ed Plaget ' s definition on reflective Intelligence as the 
functioning of a second order system which: 

1 - can perceive and act on the concept 5 and operations of sensori- 

motor system 

2 - can act on them In ways which take account of their relationships 

and fcf other Information from memory and from the external 
- environment * - 

3 - can perceive relationships between these concepts and operations 
>he Skemp Test to measure reflective intelligence Includes Items designed to 
test concept formation, reflective activity on concepts, operation formation, 
and reflective activity on^pperat Ions. Skemp*s study Indicated high correlation 
between reflective activities and mathematics achievement with 10th and 1 1th 
grade students In England. Jurdak used the Skemp Test to show better mathema- 
tics performance associated with higher reflective Intelligence for 12 to 1*1 
year old students (Jurdak, 1980). However, Jurdak*s study to Investigate whether 
providing students with experience In playing a game whose rules and strategies 
reflect the mathematics structure of an operational system, semi group and group 
would facilitate rhe learning of these structures found no significant difference 
betwee.i students In the experimental group and control group. But Jurdak does 
suggest further Investigation of the possibility of developing or accelerating 
the development of reflective Intel I igence, perhaps by heuristic method of 
teaching, 

Whlmbey opposes the position that Intelligence U almost entirely Inherited and 
fixed by genetic chemistry and develops the position that, except for a small 
part of the population having organic I -aln disorders, Intnl I Igence can be 
taught (Whlmbey, 1975, 19/6). He supports this position with his own studies 
of Individual adults and other resoarchers' studies on children and adults. A 
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siQAiftcant issue is the definition of mental activities that actually constitute 
Intelligence. He also states "Intelligence Is paying careful skilled attention 
to the analysis of relations 11 , and advocates an^early practice of Bloom and 
Sroeder in which they found it helpful to point out to college students the close 
connection between learning a physical skill and learning the thinking patterns 
of academic reasoning. 

Pascual-Leone hypothesizes that the basic intellectual limitation of children 
is the number of schemes, rules, or Ideas they can handle simultaneously - a 
capacity that increases regularly with age (Carpenter, 1380, p. 1 82) . If adults 
do have this greater capacity, does this diminish the desirability for a 8runer 
spiral approach to the curriculum? If a spire) Is still desirable, Is It 
possible to shorten the time needed for the spiral approach? Can there be 
"fewer turns In the spiral with a greater amount of learning occurring on each 
turn? 

Assuming adult students do have this Increased capacity, perhaps it Is possible 
to teach them yenera I i^at ions more efficiently than when teaching younger chil- 
dren. Can an adult see the similarities of the following pairs of exercises 
mure easily than a child? 

1. Solve for X: 

a. 3x ♦ 5 - 29 b. ax ♦ 3 • q 

2. Multiply: 

2 5 . a 2a 

a. x • a b. x - x ■ x 

Texts for developmental courses do not arrange ^exercises so as to encourage 

generalisations to eny greater degree than those written for secondary school 

students. Occassional ly a starred or optional exercise Is Included for this 

purpose. Host texts designed for developmental courses consist of early 

chapters devoted to arithmetic computations followed by chapters devoted to 

algebraic skills separated by a few pages to Introduce definitions such as 

•coefficient \ 'monomial*, etc. Instead of teaching arithmetic prior to algebra, 

perhaps integrating the teaching of arithmetic ».id algebra would enhance under* 

12 a c 

standing (e.g., 2 J cou,d bc ctxn P* rad to ^ ♦ Another possible advantage 

of this Integration might be avoiding the student's feeling of "Here I am being 
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t aught something that Is for ^0 year old children, and I'm so stupid that I never 
did learn It." 

Many of these adults do come with a vast collection of rules but seem not to 
understand them and look for Inappropriate cues for selection of rules. Some* 
students have become accustomed to passing tests In short units by memorizing a 
set of rules. If these rules are not understood, perhaps they are stored In the 
.episodic memory and ^ecome associated with Irrelevant references, Instead of 
being stored In the semantic memory and able to be retrieved jnd utilized appro- 
priately In new, problem settings. A psychological characteristic related to 
problem solving ability appears to be dtgree of field Independence (Lester, 1980 
and Fenncma t 8-hr, 1980). Field Independence Is characterized by activities and 
' perceptions which art analytical and an ability to focus upon essential aspects 

of a problem Independent of the surrounding field. Silver, Branca and Adams 
conclude In a study of 5th and 6th grade students that metacognltlon (a person's 
knowledge concerning one's own cognitive processes and products) "dqe* appear to 
be a necessary condition for attaining expertise In a task domain" (Silver, Iranca 
4 Adams, 1980). * « 

Researchers oupht to conduct further studies of these characteristics of adults 
who tnroll In developmental mathematics courses and attempt to determine If 
field Independence and mttecognlt Ion can be Increased and by what methods. 
Can requiring students to verbalize In certain learning situations be benefi- 
cial? (Sowder, 1980) The effect of Instruction In cue attendance, the requiring 
of students to describe details that are potentially useful In resolving a par- 
ticular problem (Wright, 1979), suggests possibilities for Increasing problem 
solving abilities of students. The research of O'Brien 4 Overton of giving con- 
tradictory evidence to subjects giving Incorrect conclusions when presented with 
Inferential* tasks (O'Brien 4 Overton, 1980) Indicated Improvement of college 
students while It did not help the performance of seventh graders. 

Although studies of attitude Indicate a low positive correlation between 
attitudes and achievement (Kulm, 1380), perhaps attitude assessment could indi- 
cate environments and methods of Instruction more conducive to learning, ir 
these students fear competitive settings, would a cooperative small group activity 
q facilitate learning or be viewed as still competitive? 
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Wbllt some students night prefer individual lied programmed materials, others 
might benefit more by Interact Ing with other people. However, caution is need- 
ed In utilizing individualized programmed materials (most are re-ally just self- 
paced). Although claims for positive results have been made, Schoen came to 
the conclusion that either the idea of self-paced programed Instruction Is 
wrong or perhaps we do not know how to go about it yet (legle I Gibb, I960). 
It might be more desirable to limit use of such techniques to mastering very 
specific tasks which later will be integrated with other skills or math^at ical 
ideas using other methods of instruction. Well designed self-paced materials 
could be used later in conjunction with specific courses* 

\ 

The mathemat It's educator must also consider individual differences among college 
learners even if mathematics achievement tests indicate similar deficiencies. 
Some of the students enter with severe deficiencies in several academic areas, 
and some enter with very high verbal abilities and only show lack of mathema- 
tical skills Is (here are validity to the statement M lt's easier to teach 
algebra to a student .«**> never studied algebra t&n to the student who studied 
but failed algebra*. M ? 

Since adultsfdo differ from children an1 adolescents, mathematics educators 
ought t»f Select studies that have ut i I i/ed samples from younger populations and 
replicate them with samples from adult populations taking college level develop* 
mental courses. Carpenter (Carpenter, l$80, p. 195) asks "...if a child makes 
certain errors at a given state will they be resolved as the child requires 
mote mature concepts and skills or will these errors be magnified as new con- 
cepts are built on these earlier misconceptions?" Examining errors of toHeg? 
students could help provide the answer. " 

r 

Studies suggested in this paper could have implications for the curriculum for 
younger children in addition to the direct objective of , rovidlng a richer, 
more valuable and wore efficient learning experience for the college student 
in the developmental mathematics courses. 
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LANGUAGE AM) SYMBOLIC FORM IN CHILDREN'S MATHEMATICS 
A. Dean Hendrlckson 
University of Minnesota, Duluth, Ouluth, Minnesota 

How children respond lo the need to translate from materials arrangements. to 
language descriptions and/or symbolic forms, from language descriptions Into 
materials arrangements and/or symbolic forms and from symbolic forms into 
language descriptions Is of Importance when Considering Instruction In mathe- 
matics. It Is generally accepted that, In young learners, concepts develop as 
the result of real experience and that various tokens such as numerals* letters-, 
operation and relation signs and word forms become symbolic only to the extertt 
that the learner successfully relates them to concepts. Whether or not lan- 
guage is a mediating variable In this process Is open to question* but the 
fact remains that language Is the major means of communication In classrooms. 

During the 1980-81 school year, three of these translation tas^s were given 
to groups of first and second grade students In schools In noitheastern 
Minnesota, and the results tabulated. The purpose of the study were to 
observe how children handled these translations and the extent to which dif- 
ferent Instructional practices affected this translating behavior. 

Task, One 



The subjects were forty-seven first grade children, These children were ran* 
domly chosen from the 131 who were In a program In which concrete materials 
are used to develop concepts, numerals and arithmetic signs are »low|y con- 
nected to concepts, the reading load Is minimized, oral language Is used more 
extensively than in textbook based Instruction, apd In which students are 
asked to generate symbolic forms before Interpreting or 'reading' symbolic 
forms such as number sentences. The task was administered during the sixth 
month of the school year. The task was conducted In a one-to-one Interview 
setting. Each child had a piece of papei and a pencil to use In writing a 
number sentence. The Interviewer had a^dlass cylinder with six marbles of the 
same color In It? three additional marbleS of that color and a recording form 
to record the order In which the parts of the number sentence were" written by 
the child. The procedure described was used with each child. 
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Interviewer: "Count the garbles In the tube - how many ere there?" 
(The child's response was recorded) : 
Interviewer: m Vm going to do something. When I finish I want you to " 
write a numtier sentence that shows what happened. 

(Intervfewer dropped, one at a time, the three additional marbles Into • 
the tube to Join the six already there.) • P 

Interviewer: "Write a number sentence to show what Just happened with 
> the ciarbles." 

(The Interviewer recorded the signs In the order 1n which they are written 
by the child) 

Upon completion of the task, the paper with the child's writing efforts* was 
collected by the Interviewer. 

Re sults : 

1. 44 of 47 children successfully counted the marbles on the first attempt. , 
.3 others successfully counted on a recount effort. 1 



2. 

Order In 
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the sign 

were 

written 







Table One 










Signs Written 








6 


+ 


3 




9 


First 


46 


0 


4 


0 


1 


Second 


1 


46 


0 


0 


0 


Third 


4 


1 


I 

34 


2 


0 


Fourth 


0 


0 


0 


44 


0 


Fifth 


0 


0 


3 


'0 


42 



3. 3§ wrote a correct number sentence. 3 others corrected the first 
Incorrect effort. 

4. The Incorrect sentences were: 

. 6 ♦ 3 • 8, with the '3' wrlttenHs '£ 1 ; ^ 
7 ♦ 2 * 7» but verbatoed as 'six plus three equals nine' 
• 6 ♦ 4..« 9, with thqjT9" written as "C" 
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• 6 ♦ 3 » "6 

. 5 *5,« 10 * 

. 6 ♦ ) ♦ 1 ♦ 1 * 9 s 

.6*3 9, with no * » " sign 
The purpose of the study were to observe how children handled, these 
translations and the extent to which different Instructional practices af- 
fected this translating behavior. 

Task Two : . « 

Twenty one second graders were randomly chosen from the pool of 124 second 
graders who were In the' second year of a textbook- less, materials based 
instructional program as described under Task One. The Us* was administered 
In the sixth month of the school year. Each child had a sheet of paper or 
pencil so as to. be able to write a number sentence, and ten UNI FIX of each of 
two colors. The Interviewer had a form on which to record the child's use 
of the blocks » and the order \n which the different signs were written by the 
child. The following procedure was used in administering the task to each 
child. 



Part one . Interviewer: M I will read two number story problems. Listen 
carefully* Use the blocks to show how you are thinking about the problem." 
The model for the. .first problem Is: I 1 :' 

0 

(The interviewer^ read each problem slowly and paused after each sentence to 
give the child; an opportunity to arrange the blocks) \ 

C Interviewer. M TM s Is the first proble^m. Betty hasjijne record albuns. 
Gloria has six record albums. Mow many more albums does Betty have than 
trior 1 a ? — Mow write a number sentence to show what you have done to" answer 
the question." 

(Interviewer recorded the child's spontaneous remarks. The way the cnild used 

blocks and how the number sentence was written) 

Observations 

. The children orally answered with the correct number. 

. Five children wrote '9 - 6 3 3\ 

. Two r.hlldren wrote '6 ♦ 3 ■ 9' 

. Ten wrote Incorrect sentences (see examples) 

. Three children did not complete the number sentence 

. Twenty children dt temp ted to write a number sen tent 
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. Nineteen used the blocks, fou«* during the reading of the problem, 

fifteen after the question was r jd. 
Incorrect sentences written were: I 
3+6+6*9 3 + 1* 4 9 + 3= 12 6+9= 15 
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9 + 6 » 15 (4) 9 + 6-3 9 » 3 » 6 / 

-2.3 r 

Interviewer: "Johnny has eight toy airplanes. Richard has three more ' 
toy airplanes than Johnny. How many airplanes does Richard have?... Write a 
mwber sentence to show how you round the answer." j 
Obs ervations j — 
. Seven offerejd correct oral answer 
. Ten wrote '8 ♦ 3 « 11* 
. Eight wrote Incorrect sentences 
. Nineteen attempted to write a number sentence 

. Twenty used blocks to represent the problem, five during the reading and 

fifteen after the question was asked. i 

1 i 

. Two wrote Incomplete sentences 

The incorrect a^tences written are: j 

3 ♦ 9 ♦ S * 11 10 M - 11 j 8 + 11 • 17 

8 - 11 » 3 8-3-10 i 7 + 3 « 18 



10-8 * 3 8 + 3 • 16 

Tas^'Tnrfe^-. 




\ 

A total of 102 second grade students In flie different second grade class- 
rooms In four schools were used. Thest werfc the children who were present 
on^be day the classroom was visited. The schools used were chosen because 
of their differences - In socio economic populations and In teacher back- 
grounds and classroom practices. \ 

School A . This school has first and second g^aoe classrooms using the program 
described under Tasks One and Two. The school \s located In a community of 
5000 In whlrh thte principal employment Is In the taconl te mining Industry. 
The teachers of Vhese students had participated ife a program of 75 hours of 
Instruction In tr)e psychology of learning and intellectual development and the 
use of materials 'to develop concepts In mathemat1cs\ with chlldien of this age. 
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School B. The second grades are using a textbook - less, materials based 
instruction pro?ra« after the children i*,J had One year In a textbook program 
while In the first grade. Most of these children live in alrbase housing. The 
teachers had cnly 20 hours of In-service prior to participation in the program. 
School C. This second grade Is in the highest socio economic area of a city 
of 100,000. The school has constantly ranked highest in the city on standard 
test results. The teacher had 40 hours of 1nstn~t1on In the use of materials 
In teaching, but uses textbooks as the basis of Instruction. 
Sc hool D. This second grade u In a school that draws froai a predominately 
luml area just outside the same city of 100,000. The teacher li unfamiliar 
with the u*e of manipulative materials? and uses of form of self-paced individ- 
ual weJ Instruction approach. 

The children were all given the task during the month of the school year. 
The investigator Introduced the four tasks by reviewing with each class (1) a 
number sentence, and (2) 'story' problems. An example was given of a "story" 
to go with the open sentence of 5 + 2 = Q and opportunity was given for the 
children to ask questions. Emphasized was the fact that a ques Mon had to be 
part of the story. 

IheQ* 12 - 3 was written on the chalkboard. Lie children were asked to 
compose a story problem In their own words so thlt this number sentence wo u )d 
be used to show what was In the problem and to fliKi the answer to the question. 
After all children has written a 'story' for the first example, 4 - 3 = U 
was written on the chalkto^M and t»ie Instructions repeated. This procedure 
was followed to present 1 . - 8 * Q and 6 + □ » 9. The papers with the 'story 1 
•problems* as written by the children were collected at the close of the task. 
Analysis of the children's written 'stories' yielded the following tabulations. 
No attention was paid to misspell ir.^ , sentence structure, etc. The mathematical 
sense of the stories was the major concern. 
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Stimulus: □ * 12 - 3 


Table h 
A 


School 

6 


c 


0 




n » 23 


n » 32 


n * 28 


n = 23 


1. correct Story 


15 


16 


14 


: r~ 

6 

i 


2. numbers used correctly 
but no questions asked 


2 


7 


4 


2 


.3. wrong operation 
suggested 


3 


2 


4 


2 


4. closed sentence 
used in story 


0 


3 


2 


6* 


5. nonsense or no attempt 


3 


4 


4 


7 


Stimulus: 4 ♦ 3 » Q 


Table Th 
A 


ree 

Schoo 

6 


c 


D 




n ■ 23 


n - 32 


n « 28 


n * 23 


1 . correct story 


16 


14 


15 


8 


2. numbers used, no 
correctly 


3 


5 


7 


2 




2 


1 


4 


1 


4. wrote closed 
number sentence 


1 


5 


1 


6 


5> nonsense no attempt 


1 


5 


1 


6 



* 
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Table Four 

Stimulus: 13 - 8 - □ 

School 





A 


B 


C 


D 




n * 23 


n * 32 


n * 28 


n * 23 


1. correct story 


12 


12 


13 


8 


2. <yjri>er$ used correctly 
but no questions asked 


3 


2 


2 


2 


3. wrong operation 
suggested . 


3 


1 


1 


2 


4. closed sentence 
■sed in story 


1 


10 


0 


6 


5. nonsense or no attempt 


4 


7 


2 


S 


■ 

Stimulus: 6 ♦ D- 9 


* Ubte f i 
A_ 


School 
B 


C 


D- 




n « 23 


n • 32 


n « 28 n 


» 23 


1. correct add 
story compare 


5 

1 6 


6 
0 


2 

1 3 


2 

0 2 


but no questions asked 


2 


8 


6 


2 


3. wrong operation 
sugyes ted 


0 


1 


•6HJ-9 2 
other 3 

total in 


6* 9*0 
4 


4. wrote closed 
number sentence 

5. nonsense no attempt 


5 


4 


1 
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General observations: 

1. It se*^ - arfvfl-ttge emts In* waking these translations 
for children have been Uii«ght with extended time devoted to concept 
development at the concrete levei, careful connecting of signs to concepts 
encod.^ prior to decoding and experience In all three kinds of trans- 
lations. 

2. Children Interpret L--I ? both as a "finding the difference 8 



and as a 'missing part*, wore easily than 

3. Host chMdren will follow a sequence of actions to the end result 
rather lhan consider the end result, then how It was obtained, or to 
think of the part iol ?d , then what It was joined to. 

4. Children do surprisingly well at translate 3 a model $jch as an open 
sentence into a language description, especially if any emphasis at ^11 
Is placed on such a translation or Its reversal In Instruction. 



?4 
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PSVCHOUXJICAL QUESTIONS REGARDING A NEW MODEL OT 
UNDERSTANDING ELEMENTARY SCHOOL MATHEMATICS 

Nicolas Herscovics, Concordia University 
Jacques C. Bergeron, UnivCrsite de Montreal 



Following the analysis of problems encountered in applying our hybrid model 
of understanding tv elex>entary school mathematics (Bergeron, Herscovics , 1901) 
we have umc to the conclusion that some of our criteria were quite useful 

^ i:» describing concept formation. Indeed , we now perceive these criteria an 
levels of understanding which in fact constitute* «.he backbone of a constr»c- 

> tivist model of understanding. 

We can perceive four levels of understanding. The first one of these levels, 
intuit_iyt^ u ndcrst, ding , takes as a starting point the informal knowledge of 
the child (pre -concepts, visual perception and estivation, primitive unquan- 
titied actions). This knowledge is then coordinated into a procedure leading 
to u first construction of a concept, a first construction which we consider 
«s a second level of understanding, that of initial conceptualizatio n. We 
speak of initial conceptual ization for at the very beginning the concept in 
question is blurred and confused with the procedure leading to its construc- 
tion {Cor example, at the beginning, the notion of PumUr is confused with 
the counting procedure). It is only very gradually that the "outline" of c 
concept gains precision and that it separates from the procedure , making 
abstraction possible. Abut rati ion is our third level of coiaprehension ^ 
Detaching- tin* concept from its procedure gives it an existence of its own 
which can In* identified as the "content", a content in search of a "form". 
This requires a process of for mal ization which we take as a fourth level of 
understanding. 

Since we wish our new »nodel to be const ruct ivi st, we must take into account 

the imi.l ic.it ions of vi io|*ncntal psychology as well as those of genetic 

er 

epistemology. Developmental psychology can ascertain that the expeutat ions 
implied in the new nodel ire reasonable with regards to the intellectual ca- 
pacity of the elementary grade student. uenctit. epistemology* on the other 



The research icporUd hue is tumled ty a >jrant from the Quebec Ministry ut 
Education (Pcac- gr.ini no. to^Ml). 
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hand, reaches the child's construction of knowledge. Of course, wp Are still 
for from having examined all the psychological questions raised by the new 
Model. Thus, the present communication is limited to those which have been 
' dealt %rith. namely: To what extent is the elementary school child capable of 
abstraction? Is it reasonable to consider abstraction as a third „vel of 
understanding? What role can be attributed to written synfcolism? Of course, 
in view of our interest , these psychological considerations will be restric- 
ted to the understanding of mathematics. 

ABSTRACTIVE CAPACITY AT THE ELCMEKTARV IjSVEgj 

The particular nature of aathematics involves two kinds of abstraction that 
Piaget (1973, pp 61-82) calls "empirical abstraction" (dealing with the phy- 
sical properties of objects) , and "reflective abstraction" (dealing with ac- 
tions and their coordination). For instance* a child who counts the number 
of objects in a %nt but does not "eonBsrvB* nuaber has but extracted a pseudo- 
physicel property of the set. On ths othsr hand, ths child who is aw*re that 
this number is independent of the order in which the objects are counted is 
({> 4t the level of reflective abstraction. It is precisely this last leveX 
which characterizes a mathematical activity and this explains why Piaget con- 
siders it to be synonymous to "log! co-mathematical* abstraction. Whether or 
not thin lsvel of abstraction is accsssible to children at the eleirentary 
level needs to be examined. 

Far from being trivial, this question requires a careful analysis of what is 
involved in reflective abstraction. Conservation of number lends itself well 
to such an analysis ninrre it has been one of ths most researched topic in 
arithmetic. 

Very briefly, by "conservation of number" we mean the invarlance of the car- 
dinality of a set with respect to the layout of its elements. In ths well- 
known Piagetian test, the child who does not conserve numbej cofrpares two 

****** * 
equivalent ro<*s of objscts ******* and believes that 

the longer row contains more than the shortsr one, and this sven if he can 
count . To understand this phenomenon it is necessary to examine and compare 
some characteristic* of the prs-ope rational thought (2-7 years) with those of 
the concrete operational lsvel (7-11 ysars). 
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At the pre -ope rational stage, the child focus «s essentially on states and 

not on his Actions. Tims it is not surprising that objects arc_the .only 

things leconstrucicd lutern-Hy (empirical abstraction) and not the transfor- 
mations applied to then, whence his dei>eT>denee on their physical presence. 
Even if he admits that by matching the objects, the two rows will have the 
sa«o number (empirical reversibility), by focusing on the statos he is pre- 
vented from reaching the re vers ibility of thought necessary for conservation. 
Indeed, when examining the two equivalent rows he focuses on their length and 
this stops hi* from even cons ide ring the transformation whn.h leads to a com- 
parison. It should be not»;d that his reasoning is quite consistent with the 
pre operational child's *t ransductive" logic (if A causes B, then b causes A) 
(Mayer. 1977, p. 1B0). Hence, since experience has taught him M if there is 
more, then it is longer* 4 , he concludes **if it is longer, there must be more**. 
Only later, when he can consider simultaneously the two relevant variables 
(the length and tht density of the row), will he perceive their leciprocal 
re Iat tonship. 

»• 

This example <*n>il> I « j us to better appreciate the intellectual power of a 
ihlld who has Kin Led the concrete operational stage, by now focusing on his 
actions he t.m reconstruct them internally and coordinate them; lie can take 
into account .several vat tables simultaneously and 90 beyond transductive 
logic to teach inductive and deductive reasoning, an long as it relates to 
his concrete world, finally, hV*. thinking has* become reversible. Here are 
all the elements necessary for the discovery of invariants, which lead to the 
abstraction of a concept whose source has to lie in the child** reality, 
bltue the cum rete operational stage corres|>onds more or less to the range of. 
the elementary grades, it seems t iat these children well endowed to reach 
the level * 1 * rt<flc<tive abstraction in arithmetic. As a mutter of fact, re- 
f'eitivt- iibsttai tion 4 an in general be applied to aritltmetic without rcgui- 
ung l.nmat thought (characterised by the ability to manipulate hypothetical 
ntopoMt mns 1u.11 I .iled to reality) since the iiriOimuMc objects and opera- 
tion*. at,e tied in with numbers which can always find concrete representations. 

AmiTKACTlOp AS A Till hp L L VKL OK Mljm.K£ rANIUM* 

The h'vet ot und< r st aiiding resulting from reflet tive abstraction must be ex- 
amined within the framework of the child's im el tual development anil 
viewed in terms of the construction or his knowledge. In this respect. 



Ginsburi and opi-er (1979, p. 2J4) have ldentifj«d in Piaqet's theory of in- 
tellectual development three levels ofc understanding. 



The first of these level* is motoric or practical understanding. 
This is tne level cf sction. The child can act directly on objects 
and manipulate then correctly, making the objects do what they are 
supposed to do. All this tndicstes that the child has " understood* 
objects at the leval of to tor responses. This knowledge is preser- 
ved in the form of schemes, which allow the actions' to bo repeated 
in identical situations and generalized' to new ones. 

>nother level of understanding is cortjftbtualisation . Here the 
child reconstruct a internally the actions that were previously per- 
formed direct ly on objects, and at the same time adds new characte- 
ristics to these sctlons. He oryanizen the mental activities and 
Provides logical connections. At the same time, much T>f the child's 
intellectual work remains unconscious. As we saw in reviewing 
Piaqet's work on consciousness, the child is often capable of cen- 
tal opera tiona that hs is not aware of and cannot express. 

A third level of knowledge involves c onsciousness and verbalisation s. 
Now the child can deal with conception an abstract level, and can 
exprcs* his mental operations in words. The child can reflect on 
his cwn thought. 



This model of understanding does not seem to be concretely independent of 
Piaget's stages since the first level corresponds essentially to the pre-ope- 
rational one while the other two can be linked to the concrete operational 
•tag*?. Indeed, at the first level, ths child discovers the properties of ob- 
jects without reconstructing his actions internally. Nevertheless! it is at 
this level that he develop** spontaneously tome mathematical intuitions such as 
classification seriation, partitioning, bringing togethsr or adding to, etc. 
The aecond level of understanding describes the internal reconstruction and 
coordination of actions, and thus corresponds to the concrote operational 
stago. Finally, "reflecting on his own thought* implies a prior internal re- 
construction of the action and thus sets reflective abstraction thu third 
level. 



The Piagetian model described by Ginsburg and Opper is truly a conatructivist 
conception of understanding. There is no question hers of "modes of unders- 
tanding" but of levels of comprehension. In fact, n',t only it each level 
constructed by ths child, but moreover^ thsre is an embedding of the different 
Is vela. Indeed, if at first the child becomes familisr with objects through 
m. action*, hs later manages to reconstruct these actions internally and to 




vitiate them so that in turn, thsss actions become the subject of his re- 



" 7ft 
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flect'on. If th* first phasa renders well the child's interaction with his 
environment, ths last two, dealing with his transformations, lead to a logico- 
mathcmatical structuring of his thinking (composition of transformations, in- 
verse transformations) . 

* 

Sines Pi a get deals with comprehension in general, one should not expect his 
mods! to fulfill all ths requirements of « particular discipline such as mathe- 
matics. In fact, Piaget is quits avers of the technical aspects of the mathe- 
matical language and the particular form of its symbolism (?iaget, 1969, 
pp 44-45) . Ho even discriminates^ between Mathematical M form M and "content" 
and xecommends that the r a preach tat ions uacd should correspond to the "natural 
logic of the lavels ct the pupils!* (Piaget, 1973, p. 87). Consequently, he 
suggests that the rols of actions ahould not he neglected by limiting instruc- 
tion to a verbal form; "Particularly with young pupile, activity with otjacta 
is indispensable to the compreheneion of arithmetic as well as geometrical 
.relations" (p. 60) . 

V 

This recommendation has important pedagogical implications since quite often 
the teaching of mathematics is essentially verbal and symbolic while " tho 
child's spontaneous mathematics is informal and unconscious- 1 (Ginaborg and 
Opper, 1979, p. 234). This informal mathematics is based on the child's ac- 
tions and thess can lead to reflective abstraction. Thess actions can even- 
tually be applied to mathematical synbolw *>t, as long as the pupil is at the 
concrete operational sta^s, these symbols must be related to the concrete. 8 
(Cf course, ons cannot ignore the rs la tivs natura of "concrete", ror instance, 
following reflective abstraction, numbers tend to. be considered as concrete, 

and addition aa a concrete action) . 

v 

TIE ROLE OT SYMBOLISM' IN HATH EKVT ICS 

The previous observations bring into question the role aymballzatipn plays in 
the understanding of a mathematical notion (concept or operation). Symboliza- 
tion is essential in mathematice since it provides a exians of representing a 
notion detached from i\s concrete embodiments. However, the introduction of 
symbols can be premature if an adequate intuitive basis is lacking. This 
would force the child to function at a etrictly formal level which is impossi- 
ble at the concrete operational atage. Hence, his only choices would be el- 
s' 

ther to learn by rote, or simply to give up. Thus, the question "When to 
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introduce symholiration?" in an important one. Considering that on one hand 
the Piagetlan model suggests going from the concrate to the abstract .and that 
on the otlwr hand, eymboliration la a detachment from the concrete, the In- 
troduction of symbols should not, In general, preceda the level of conceptua- 
lixatlon. ror Instance, It would be difficult to perceive any pedagogical 
value In introducing digits before the child can count. However, this princi- 
ple need not be applied dogmatically. For Indeed, there is no harm in a child 
learning JU> write numbers greater than *' In the first grade. But It must be 
remembered that he then merely learns a writing convention for he U not as 
yat equipped to understand place value notation. 

While symbol i ration can be described as a detachment of a concept from Its 
concrete representations, we can perceive qualitative differences In the mean- 
ing associated with a symbol depending on the levels of understanding, for 
\indeed, what does the digit 7 represent to a child who does not conserve num- 
ber? He may euen count the two rows and write"?" naxt to each one 
•\e**«**7 while claiming that the second row H hao more". But 
tip the only thing he can perceive In his digit is the result of his counting 
«n\l not that pf number. In contrast, to a child whose reflective abstraction 
has led him to conserve, the digit 7 truly represents the number 

* I 
Any ^nalveis of the rols of symbolization must also taxs into account the 
structural differences between the various modes of representation. Cach mod* 
(anacVtive, Iconic, symbolic)' has intrinsic properties which determine its 
structure • Although "a picture is worth a thousand words", mathematical aym- 
boliaa} condenaes information even more. Howevar, this condensation does not 
come as a frea gift, ror inatonca, evan for an elementary notion such as ad- 
dition (f»*1-? ), itft symbolic repreaentation is essentially static and has 
lost the dynamic flavor of action. 

V «* , 

Furthermore, for s more advanced concept such ss place value notation, its 

symbolisation exceada conceptually its other reprsnsn^ations. Be it the con- 

crste representation (multibase blocks) or it* image jj \ \ \ " neither the 

\ i 2 I 3 I 4 

material nor the image (defined by the presence of the vslue indices h,t,u) 

necessitate any convention regarding ths position of the digits. TO really 

value positional notation the student needs to be aware tha>t a permutation of 

the column* -jpj ~ } * 4o^» »ov affect the r.uaber. tt U only whtin these value 

* jrea are 'discarded that need \o encode this information arisss. 
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Only th*n will a pupil appreciate how inspired it was to ancodo this inforsu- 
tion in the^ relative position of ths digits and what • turning point this must 
' ve been in tlw history of arithmetic. 

It follows from tho preceding analysis that symbolic representation has a 
structure of it* own and that for some more advanced concepts it is impossible 
to completely dissociate content from for*. Moreover, since the symbol i station 
of a tiotlon reaches its full significance only aftor it has been subjected to 
reflective abstract ion, it seems justified to consider such symbollsatlon as 
part of a* fourth level of understanding, thet oX formalization. 

' CONCLUSIONS 

* ■ 

Because of its construct! vlst nature* our model of understanding can easily bo 
mistaken for in Wist met i onal/leernlng model which it is not. The latter con- 
cerns itself with the pedagogical interventions and the learning processes 
which bring about understanding. The criteria we have used for our new model 
evolved tian our initial work with our "hybrid" model. Tho ones we have re- 
teined are those which ,>rov«J to be useful in describing concept formation and 
we have merely organized them in a conatructlvist framework. It is Indeed 
quite gratifying and reensurlng to 4 see how c^uly it resembles the Plagetian 
model described by»Clnsburg and Opper. 

However the two oudols have some important differences, flnce we wanted a 
stage -frwe model we have retained intuitive understanding ae our firat level 
without moving into the pre -ope rational stage. Our second level, initial con- 
ceptualization, stresses the "operational lzatlon" aspects in the explicit cons- 
truct itfti o/ a concept. In fact, this terva was one of Our first choices in na- 
ming this level. Our third level is clearly identifiable with reflective 
abstract iun ot course, the last one, formalization, answers Uie specific 
needs of our discipline. « 

That the new movol^SJfrbe applied to specific concepts it* not very doubtful. 
After all w» are using some of the aaae criteria as in the old model. However, 
it ia its atcefculbt llty to teachers which must be Questioned . Can we really 
convey to thrm nmao of the finer pointe in Piaget's theory which underlie the 
new nodel? Can we «jjti-«ct then to discriminate between empirical abstraction 
And reflective abstraction, and between empirical revetsibi) ity and reverslbl- 
llty of thought? °tlffcby trying it out will we be able to Sell. 



v. 
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A lant point pertains to the ending* «/jo» modes of understands 
under standing. Whereas In the old model levels we^re implicit in describing tha 
construction of a concept, in the new model they have become explicit.* There 
, is thus the danger of perceiving syttboltza^tlon «s correspond lnq to the lovel of 
formal! sat ion. Nowever, the symbolic mode of representation can Jin f>ct reflect 
three different things. It could reflect a rote memorization of isolated 
pieces of knowledge which ve do not consider as^ , understandings *Al»o, as 
vaa shown witn the conservation of number example, •a-^yiftbol could reflect a V 
pseudo-physical abstraction rather than a reflective one. To overcome .this 
problem of interpretation teachera must be made aware that their evaluations 
cennot be lirited to ,the written symbolic form and that a questioning of the 
child is essential. 

* U 
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tenner utd it a! lows one iu delineate both em rv level gnals'and goals >o be \ 
developed during the continuing professional development of I teacher. In ^ 
. .part Iculrir t it offers a framework for specifying the higher level performances 4 
t tn bo expei led of experts as opposed to those expected of beginning leathers «-o 
. thaf we may formulate wore realistic expectations of heglnn Ing t eac h< ( s . Finally, 

It I s hop^tl that the taxon* rsv will help teachers to evaluate their own behavior 

j 

*nd to plan for their own continuing professional growth. The c a t egor I es of the 
taxonomy of mithrm.it |<s teaching up deliberately named after Bloom's cognitive 
taxonomy although perhaps hotter designators could be thos'n. Briefly, those 
categories iro is follows: • » 



£t!?y*:£'!PJ: : l- 1 ^** processes, theories, techniques ,md methodology related to 
Inst nn f Ion. This level includes knowledge of mathematics and of the curriculum 
and matrri-j^K of si lie mathematics. Knowledge ho re subsume-, til o| t he levels 
ol Bloom's lognltlve taxonomy. This is the < omponent usually associated with 
the college , lassroom and usually measured by paper and porn M tesis and other 
conventional classroom methods. 

c 

tunrKUl tNS [UN: Perjformant o of selected behaviors* under controlled conditions , 
s«ii h as peoi reaching, mi c r ot ear h I ng , simulations or roL playing. This levol 
Involves demonstration that the Individual can d_p something, and t ho behavior 
to be i^monst rated usual tv is called for In an explicit minner so t hit the 
individual is conscious of the goal of demonst rat » r.p the do si re I behavior. 

APPI, I CATION. Planning and administering learning attlvIM^ 5 ; and materials m a 
i lassroom setting. This level Involves eviderce not only that the individual 
can do hut. farther, that he/she do es do. It Involves t lie use of appropriate 
trachin* \kills ,»r the proper time ot with the desired frequent y as i part of 
the normal teaching style. 

ANALYSIS: Response to pupli, teacher, subJetY matter and environmental cues 
to '.olr«t, rjtar»l7e acid administer effective progiams and lesions. The teacher 
rrcognl7*s » inst I tuei.c element" of the , urtiiolum and the relationships .imong 
them and sees them is an organized Wholo. The leather responds spont menus I y 
i«» sf u lent s is iiili v I du 1 1 s and the teat Iter ^s actions and decisions ITow from a 
ions I stem in.d < «»ns« li»us t \f Innate. 
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I'ltl'l I I vt iu»ss. 

Om i. !v mii^t in i his i .txtiiiumit .tpproai h \» I li.tl it I.ki I titles a k » ltd of 
iitltttivi rt^t .iit.ii ibout It* .!> her edut.it I on .ind the goals we wish to .it. i ampl I sh . 
r.*i ix impW , I hi { txunuifiy einph i . i z»-s not >juI> I lie tognitiwo aspects oi <i leather 
e viin ii ti.ii i*c><v,i tin h«ii 1 1 si* tht pertorrMine outcomes -- l lif i c.it hi ti£ heliav i ur>> 
I Ii ii wt mi^lit dee* id -*i I idle . beeoud, the L.ixunumy eiKooriges u;> lo view the 
*K v» l«»|>rtn m ol iei Iiii«k ibility .iml el I ei 1 1 venc^i Iron, oi«e level I > anal bet • 
riitiil, iPuliwi' i t*ii he I t h.i r«n I e r l s»i i\ s -lie nut over looked <md they t<m 
< ><ii t i t ni« i .ti iml l h. ii runs (Inough .*|1 level* of i he I .ixonoray » houith, 
hi m 1 1>> i tx ,it<mf it, si r»u I uri' d on teaching behavior, .i vatiety oi .is serine to 
ap|n»*i«ht. n> tvaitihli. t in. illy, the Hxunofoit apploaih f.ltililaCcs spuut »^ .1- 

I i hi *»t pi ^riiMti.iit ^ ..ils, t usi rue I ion. 1 1 .i i I erii.il I ves and learmag expe r i cm e s 
Im til stipes of . le k ln'i ' s* j»r*» I -»ss i oiia I devt* lopincnt . 

•t*i|i i . i ii^ ill i if ton ut {hi' ft,K/ 1 1 s arid .i 1 1 et im I I vi' s i*ir te.it her ediu.it ion ils*» 
htlp* in ihi' idViitltit ll l«»n of if i*. is ut net.dt.tl lest-.lith. This rese.iru.li I u 

I I i' lit i i hit ii i>-ii i> not lii.it tl tht engineer «n the <igi onomi st , it is the 

h i i |it i Jt km] ■>! ii it it « I*" 3 ! li.tl depends mi telle* lion .ind oh->er v. it i uitt rt.llow- 
ti ^ ir. oiiii >i| tht .|tn-s» ,i.ii ii (ni^ln address. 

Ih« i i » I . .on 1 1 ii know It dflt' Must aitliemil k s te.it her education st ittlent s Invt 
« it • .iiili 1 1' I • vi- iv ^ud knowli.Jge til mat liem.il u b .)* evident ed hy ability tu 
iilwtl ill , 111 lei t hi i it e, nii«'K>ito. fit. Tlwy h.wu U.trrtet! ihe t e« iuuques 
ni'l |m i .st >| in.it In ifkit i . s Mid t In y h.ive been sutiesstoi ih the ionises wneii 
t In a ut i oi^,h( > litis, i >. wit.it we nji'd (.ill knowledge »»| in ir hi in.il 1 1 s ( Wii.it 
ti i In i ilini I ltd i i kiit>wlid(e .ihiiiil tb.it hem.it i« s . Ih.il is. iltoy Im k .i ri .t I 
mid* I .tin 1 1 *i|, .1 win! .hi ( hi lai |oi t u«i. epl > <iud pi liu i|»U>. and i e I at loush ip-. in 
I ht nattiftii.it i tin* i •'»(.!». 1 1 i« i. I I un^h tiny h.tvi* ^«mt I roth lite lo I re* In 
|J ( u v l it tht nil ht rn.il 1 1 1 1 1 1 > i i s t t .ikin^ r i I. it i we I y i 1 1 t r s( i I 1 lilt t I t.s.'-ups *>t 





eith .ne, bur they hive never pinned the our i re forost viMt either- a wide 
itiRle Ion*; or i nw.tlon p J c r u/ e < ,imc ra . They know, fm ox-i^le. numerous tech- 
niques lor »• rnrlriR quidratlc ?qoatlnns t but they ro blank when asked why 
ehoy spend so mi< h time reaching fa. turlnR In aljtebra ctass. They can perform 
ltr uritely a^ rlfJUonrly operations with tqtegers, rat lonale and rea.s, hut 
they ire hard put tn explain in words a seventh trader would < omprohend Just 
wh*t they .ire doing and why. 

Therefore, • w)n r contribution would be a c loar and through analysis of the 

one opts ind pro. esses of school mathematics and of the rol.it I orships hoth 
a*K>n* these c4<mu>nt s themselves and between them and the more advam ed rryithe- 
maMcs w* expect our students to study. A second contribution wilt he the 
devn pme,,r ind testing nf effective st rateRins for facilitating such under- 
st Hidings bo r rather education students, ^ v 

We also must find ways to *w«k«r mat hewat 1 s teachers hrcome problem <*>o|"<rr 
^themselv^s. Music leathers use their t it* to eng.itP in musical a«t(viUes: 

pliyl.iR jnst rument s, attending concerts, listening to records. Art to^W* 
similarly rnRijte In painting, photography, pottery making or the iik~ 
many mathematics teachers are there who reH'.y do mat hemat I < s t whn rn.illy .ire 
problem solvers in the full sens*» of the Jord» who elect mathematics .is .1 
porsonil rrf r.»at ion 1 Unless we ( can turn teacb/rs on to the real human ictivKy 
of mathematics, they and their students will continue to see mathematics as 
sored hi tip, "out there" apart from ther»\|elves, ' * 

This Is related to the next question: How do mathematics teacher* perceive 

• marhrnit |> s 7 Re*ent studies have produced a preponderance nf evidence tint 
tnichfrs see mathematics n. essentially (Oniput f1K0n.1l In niture. consisting nf 
pre 'se rules and formulas, and primarily Justified by the importance \1 each 
topic for subsequent topic* and courses. This prompts the additional question: 
When, bow and^in what contexts do leathers ipp I y The I r knowledge tn their 
•eaihtnn' How dors their knowledge of and about rn.it hematics affect their 
loathing For example, do^l eachers really comprehend the ftoa I s of t lie "Agenda 
for Aft Inn" md similar statements 1 (A Rood exiwplo frequent I v occurs when 
lis* listing problem solving where mathemitits edinat >-s mean one tbliiR but many 
teihet who l»r ir them ts».um<» they we talklnp o'»lv nhnut t bn 'stnrv problems" 

* in the red » po leathers re<nRni?e ma themit if il aspects In other domains of 
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human it t wtiy ml ku> if !• .In b» /> ml t lit vt i y (nund.ine » i i i u lat i mis ind u 1 1 hint, tit' 

, iht.it * n^i i tit 1 1 mi 1 1 nK<ili<t.|, iinJ.t.itf that they d, 1 1 ereiit tali thttr le.i. lung 
t»t ^aitipls or }.t im tplt'a tr^ni (heir te.uhti'g°ot skills and a 1 n»*r • I linis ' llww do 

y Ji iw upon (heir knowing . md experiente to tuterpiet pupil behaviors 
and to It ignore pupil iictih 1 (an (hey — mure i rcftt. r I «*u t , do they -- suggest , 
de.igu tit 1 nftpl<.*iiii <«l ( et ii.it I ve (tMthiiig strategies or tupu^ including t ho 
ti.e ->t uisliutilttn.il .tppro.it r > ovl Ini I titled I ft their uxu' Or uo they, nb 
stodtis »u£KL*~>r, riKTi ly >rreil the homework, go over .« tew examples, then g v« 
j^jrt' h'.im work ' h>> th> y Uic m«u e r t .il s .tnu icti, trilogy purposeful ly in le.it. !• Ii)^ ' 
rot tint nut I el, d«» they u o thcrn .it oil 7 

Mowing putt iciliiy .-til .»! sut h questions about knowledge L.imo questions about 
1 t . >»»-». Whit i nr ' it lit ir , utstriKtioii.il and managerial de.. * £»i oils Jo t cat ho I s 
makv ' l>o ring the ( ii 1 1 it ithing activity, which ones iind how iruuiy ol the 
It i4 lit i ' s .ittiuni represent loiisi I on:, delicious and which one a. «tre -iuium.il it. 

* *. >$»*♦'* »•* ■ ' Wh.it puuil, corrjijl.tr and env i r urine m a I van.il>lcs dt» t»*aihers 

ii |f ii>1 to Hid h.>w' An (frit herb aware ol I nt oils i si t, in e. s in their own behavior,' 

> »i r < iib|i it. In w often tin leathers realise th.it they have answered then own 
>p>. < i fit -i i»r tt.ti iliey huvt ai-.epicd a pupil's example when wh.it they asked lor 
wi, i It I lull i tin ' it" (eat her > really hcai (listen to* what pupils *> t\ and i*u 

t ht y idji^. (he if hehavi ind i espouses 1 i <u t Did wil't p»»p* i t tiinmoii' s ' 

H. i h llit • .pt . t s o| ku.iwUdgt 1 md of decisions rcuil I the rese.tr. h t>t I* i i y 
il'l/ui wlm .( idlid lh« Mitel i«t tuil development til tollegc students, lib 
t > it nt i wit I t i h>. iiU si s through whuh t o I I oge >t ndent s puss liniu dualism 
win it i {>> i view Mil w> i Id as Ul itk'^hile,. right/wrong, through mult iplii Ky 
•'In i • i hi y i in ti t i p( tint «•( t ,i i nt y tud diVLislty ol opinion, li relativism ami 
1" ( < » nil i >ii«ni t nit ul . I'triy's wmk uho important questions lot in.it liun.it it s 

• it • . r. i t'X.inipiL, one thing I i t'qut it ly observed is ( yp l\ (I nt tunic V - 

>ii i luilt nit l hul. it <t li it •» when they have toinplelid a mil rot eat hi ng li*s-*tiit. Ihe 
■ u. I i 't Iv'i ntiy iik ( lit i)i ti> explilli why I he y luive Ubeil .1 pat titular approach or 

ix imp 1 1 t»r utivii/ .n i us: r ot t i .hi 1 1 serpicut e. Wh.tt one is looking lor Is a , 
ill i.uiiU' I It ti in In iti . (hit thi y have thtitight ahiuil the gua I s ul tin lesbuu 
tud he mth i mi. tin. in .1 t tii I i till tl dvt i*i tins • What out* fuitl. instead is that 

► "till i. (lit 'ju<*.l I ><ii t pti»td, ill t In out ehiuiks I ft y open mil \\\ I hi pens 
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come nut .;,.:.,„, t> X |t| M | £|,at they are about tn bo mid the "right 

way" mi the lesson. This suggest* thnt many preservtte tP.ul<"rs m- y be ,is 
yet quite duilisHc i- their thinking, a position not liKonp.it ihlr w|tj< the 

* V 

nm ion that mathematics is it soil fight /wrong with pretlse ruks iticl procedures. 
We ncffl mu« h more knowledge about oW developmental protests ol mat bem,i t'fUs 
leathers and ihe w»ys in whlth tbnt development is tonlotipdol hv thn nature 
of the Mih|r<t matter In order |n design programs th.it ,iro appropr ately aimed 
tor the itrVelopmpiu.il level ofe the students. We ,iUo shall fai«-e to take .mount 
of t hese variables when we set leather education goals th.it espouse I bp open 
end o duets tnd • ro.UjvUy of problem solving ns a renlr.il focus f or s i oat It tog. 

Wo .il so lu'ed to koow uh.it teachrrs think about pupils, wh.it rhoy i ommuntt .it o 
tn pupils ttmut the pupil's ability and goals In m.i t herxi I its. wlnt t hoy expo< I 
from pupils in«l what they expVct from themselves. Further, wr need t« ask wh.il 
wo expect from te.it hers before bey enter te.it hi n^, .it the time of entry, dor lug 
tlio o.irlv years and heyond. For example, many ?xpe< tat f ons for beginning 
ten hers nviy 101 ro~<po<id to the t omprehenslrn and appllt at Ion levels of the 
l ixrmnmy while many of the higher level competencies ol analysis, synthesis .ind 
evaluation will be morn Appropriate expectations for leathers with experience, 
,ilrhr>jp,h our «»xpe« t ->t ions should Include son»e c nuprt ent I t»s ,i? radi level tot 
all in Iters . " 



Whlth ol the go i I s that we propose are actually ohseived ip the i«pplolte of 
rn.it hpni t i > s teii hers it various - nge* 7 How t ongri/eut are teaching practice* 
and the goals ol edui.it ion In t be 1^80's *nd beyond 7 How do readier* 1 attitude^, 
heli. jv lot-, and skills < hange fiver t Itm with and without edmatlon.il 1 itt er vent ions 7 
What kinds -if Interventions are most offettlve In ftirther^ny i ertitti t liangos 7 

What ate the rewards both Internal md exto.nal that ntriie to foaihtng? Wh.it 
at t rai t s persons I" teat hi ng? What keeps some leathers i r. in<Jiing whilo others 
le.ive* Whtl aspei t s of edut it ion heyond tlassroom ten hi in* should we he 
■ love |np| op and i e se 1 1 « h i ng' m How rati «-te strut ture »»ur graduito li»d lUservite 
pmjerim^ so that .they lontinue the svstemalit ind evolutionary development of 
f cm* lit mr competence begun in preservlt e programs' 

lli-w « in we model desired to, tilling styles md vtr it ogles In our own ten her 

♦'dm it |. W||| |ti<i|;t im«, y On rfo . lor ex»*»»rle, I e.ti h »»nr (nltogr mat hem.i t I i s < nurses 
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with problem solving i. (lie ii-urroj turns' lM we use ttediu and mat ci i<i I s 
purposeful iy ' in, we. in our methods timisus, employ t tie same v.iiicty ol 
trath Miji it [.ite^ies that we talk about ' Are the looperatmg te.uherswc ulct 1 
far our st udeiit Lecher* models ol these srfi&e t eai hi n# -oehu v 1 or* ' It not, tow 
\dn we develop cooperating teaihc s who are/ 

a 

These .ire suae exjapd-s ot quest ions that tether educ.it ion research should 
address tl we .ire to design program* that will equip teaihels to meet the heed 
411 1 iti* Ileuses of tdnjay and tomorrow* 
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ABSTRACT 

Eight lerronadc ,.*.ztes requiring proportional reasoning to compare 
ratios or And missing values were administered to 263 eighth traders in 
three urban schools with various achievement levels and mil hematics 
programs Missing value problems with an integral ratio wtre more 
difficult thin comparison problems with equal integral ratios, but easier 
than comparison problems with integral and non-integral ratios Thtre 
wert only minor differences in proportional reasoning between boys and * 
» girls in the ssme school, tut among the schools proportional reasoning 

mirrored the differences in school environment and mathematics « 
achieve men;. 

Recent in vest Rations of adolescent. >*oportlortaJ reason ingfeve made use of musing value prob- 
lems (Karptus. Karptos. Formisano. A Patten. 1979; Karplus. 1981. rtupley, 1981) ar.d of comparison 
problems (Noeltio*. t«7t. Noeltins, I9K'. Karptus. Pulos. A Stage. 1980 to be referred to as KPS) 
The present study wa-i designed to clarify file MtttlonsJi!? between these two types and to extend data 
about both to • more 'liversifled student jwpuUtlon than had been employed by R'rS and rMoelllRg 
( 1 980) This study was designed to answer the following questions- 

1 What differences in reasoning are elicited by tasks that require comparison of ratios versus tasks 
ttui require compulation of a missing value? 

2 How can the students* performance lead to a hieratchical scale of proportional reasoning* 

I What differences In proportional reasoning are observed among studerU from different school 
environments with differing academic achievement levels? 

THE LEMONADE PUZZLES 
In the lemonade puzzles, John and Mary preoerc lemonade concent/ate by dissolving a certain 
number of spoonfuls of sugar in a certain number of spoonfuls of lemon juke For itotance, John 
might use two spoonfuls of sufW arid te*n spoonfuls of lemon juke, while Mary use * i!irce and Iwclve 



spourUots. leapecitycly 

. Uighi pui/lcs were presented lu each subject . with ihc amounts ul iugar and lemon juice given in 
I able. I Ihc numeral values were chosen to include integral tatios in each puiJcTrt the cspeiUitun 
(hat this would lead lu greater use of pfup^ntorul reasoning (run fuund by KF2 Two puiiks (WBX 
and WX ah which had unequal tnfcgral ratius within the recipes, were constructed 10 determine 
whcThcr pnfpofimiwl reasoning would be used mure extensively (run on puzilcs wiih an integral and a 
mm integral ratio within the recipes (puiile* WX (KPS) and Wx-b) lurthcrniure, f'irw nuking value 
publics were included tu provide a morcdehnttivc link between them and comparison problems than 
hod resulted from the use uf ihe Adjustment question in KPS 

t Table 1. Data Utied In Lemunade Puz^lca 

John'* Mary** .lulin'a Mary* a 

Sugar Unon Sugar Lecon Sugar Le«on Sugar Lenun 



I ten Wb x 


1 I 


1 


6 


lien MWB| 1 J 


2 


? 


Utii W 


) 12 




20 


I ten MM A 16 


6 


? 


lien UHjX 


1 1 


4 


8 


I tea KB 3 7 


6; 


? 


(ten WX a 


J 10 


j 


12 








1 1 cm WX-b 


* 16 


6 


20 








H: within 


re ripe ratlu 


I ntegral 




X; unequal ratiu* 






Q: between 


rec Ipe rtit to 


Integral 




M: nlitHlng value problem 







1; unit anouut 

Fllh SUBJECTS 

The subjects of it us study were 263 eighth graders from three urban schools within twn miles uf 
dm another in the ban f*ranctscu Bay Area About half ihe students were boys and hatf were girls.' 
tclcctcU randomly I rum students who were in Attendance in regular malhemaiics classes white the 
research was conducted 

Ihe schools were chosen fur their academic and ethnic diversity, representative of Ihc high 
mm <>ut j imputation m the citi On the CTBS standardized achievement test (CTB/McG.aw Hill. 1975) 
uved by many (alilorma school dntfu«s, lor jnstance. ninth traders hum School A scored al the 70ih 
peueniik on the national norm* in mathematics and ai ihe 56th percentile in lan«u«jje ichuol B sto 
dcni> scored at the 65ih and 4 3rd pcrccn.ilcs. respectively School c " students scored al the 31st and 
2°th per.entiks. respectively 

Dincicnccs lor example, among Ihe schools' mathematics programs corresponded to these 
^hieveiMcnt test results Schoo' A s faculty chose lixir teats and liked them, and most of the eighth 
graders iiudicd pi opor lions equations, and geometry Schools H's Jacutty were generally satisfied with 
their texts am) taught probations in conjunction with f rat am,, percent, word problems, and t other 
topics Vhi*nl ( s faculty, which included nu member with a degree in niathernatKs, were generally 
JniaiisUcd with ic4is and teaching materials because, among other reasons, they found them unsuitable 
tor the range ol ihcir studynis' skills I hey covered proportions in the eighth grade only m a late in 
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the year ur « nn percent In turn, school differences consist of differences in faculty, curriculum, 
teaching styles, achievement, and other factors 

PROCEDURE 

7}* Lemonade Putties were administered in about 15 minutes during a 40- mt fete in lervtew 
The interviewers were male and female members of the ethnic groups represented in the participating 

schools Each item was read aloud by iho interviewer, who asked the foi towing questions 

o 

Comparison puzzles 

t Will the two concentrates tasJe the same 7 

2 (after the response to #!) How did you come up with that answer 7 

3 (If response #1 indicated unequal taste) Which one lutes sweeter 7 

4 / taftef the response to #3) Please explain your answer 
MtsstA? Value routes 

1 flow much lemon juice does Mary need to make he? -concentrate taste the sanv» as John's 7 

2 (after the response to #1) How did you come up with that arswer? 

Questions 3 and 4 of the comparison puzzles were sometimes omitted or combined with Questions ! 
ind 2. because many subjects staled which concentrate would taste .*ceter in answer to Question 2. 

SCORING OF DATA 

We classified the students' expatriations ir> answer to Questions 2 and 4 into the folio wing four 
categories' 

Category I (incomplete, illogical)-- don't know, guess, inappropriate quantitative or qualitative opera- 
tions 

Category Q (qualitative)-- qualitative comparison of amounts referring to all four ingredients (more 

stringent than Catego/y Qin KPS) 
Category A (additive)- using (he data lo compute and comptre differences 

Category P (proportions)- using the data to compute and compare correct ratios, possibly with cnlh 

metic errors (the same m Category R In KPS) 
fre also identified she data comparisons (sugar/lemon - 'within' recipe vs sugar/sugaR - 'between" 
recipe) that were used 

/ RESULTS AND DISCUSSION 
The distributions of responses tmong the categories are presented in Table 2 No statistically 
significant differences were observed for boys and girls, so only the combined data are reported For 
reference, we include in Table 3 the frequencies of proporttonaf^rejsoning of eighth graders for the 
eight comparison r»r?lcs used in ?CFS (Stage, Karph.4. A Pulos. I9S0) The frequencies of propor- 
tional reasonmg observed in the present study were similar to those observed with slightly different 
lemonwk. purrles m a low minority community in our earlier stud> Puzzles WD and W wrre the easi- 
est, with more than 50% proportional reasoning, Surprisingly, Puzzle WX a was the hardest, with only 
O 24% proportional reasoning On <his puzzle there was an appreciable frequency of additive responses, 
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while ihe other cuniparisuii puiilcs claiied «lditive responses only inlrequeQtjy 

Table 2, Frequency Distributions on the Lenonnde Puzzleu 
(percent , H » 263) 1 



Comparison Hissing Value 



Category 


W3j 


W 


WBjX 


WX-a 


WX-b 




, HW 


MB 


•1 


26 


34 


43 


53 


%f 


36 


)9 


31 


Q 


6 


; 


7 


5 


6 


0 


'0 


0 


A -* 


3 


; 


7 


18 


9 


28 


21 


30 


p 


65 


51 


' 43 


24 


3b 


36 


39 


39 



1: Illogical; A: Additive 

Q: Qualitative P: Proportion*! 



Table ). Frequencies of Eighth Cradaru 1 Proportional Reutioning 

by Puzzle Structure, from KPS end Stage, Karplua, and Pulou (1980) 



ittfa UB W 8 N WBX W , BX NX 

frequency 65 72 55 33 47 43 35 17 



The 'htee missing v»lue puzzles hod very similar distributions in spite of ihc dmjrcnccs in (he 
occurrence of within or between integer ratio* The degree of diftkulty was close tp that o.' the unequal 
la»ie Pu.iks WH|X and WX b A substantial frequency of additive responses occurred on all <.hrce 
■timing value puulcs 

Three of the lemonade puziles in the present study included one spoonful of suK*r lor John's 
lemonade concentrate (Table 1) The presence of this uru; amount in either comparison or missing 
Vfiu* put-terns M nc mak- 4 them consistently easier or more OtHkull than similar pu I ilex without 
unit amounts 

Cognitive cl one nt* A comparison of the f'cqu envies of proportional reasoning on the eigte pu/ 
ik> used tn KPS led to (he recognition lhal unequal ratio* and nun integral ratios nude puulcs mure 
dtfltcMii Accordingly, we nuw introduce the following five cognitive elements, whnh ara individual 
steps in proportional reasoning required on some puzzles and not on others 

ilk - comparing equal integral ratios 

IH J • comparing unequal integral mhos 

INI I - comparing an integral with a noirtntegra) ratio 

MVI - finding a-mivstng value for a puiile wnh an integral rutin 

MVN tlnding a missing value for a puziie with a nun-integral raito 

hor evidence of competence with respect to any one of these cognitive element*, we examined 
the student*' eioLtnattun* tojind at lea>t one use ol the clement lor instance, Mudents whu > jlvcd 
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Purtte MB by proportional reasoning using a between comparison were as*»*flfe commence in element 
MVI, while those who solved the same pu/ire by means of a within comparison were assigned com- 
petence In element M VN Each cognitive element could be applied on one or more purify s 
% To identify a .hierarchical relaito^ among the cognitive elements, we tested jlhem ior scalabiliif, 
We found that elements MVI wd MVN formed a perfect scare, ill students who were cum^eieni in 
MVN were also competent tn MVI (Table 4 - left sric) Elements HE. Ill), and 'INU. tviwsver, dW 
not scale sctisf actor ily in any of me schools fTaHe 4 - right side) comparable numbers o< suhjecis 
w^re competent in HE and either HU or INU but not both. 

Table 4. Hierarchical Scale* of Cognitive Elements, by School (percent) 



Rlfnant 


A * 


Srhool 
6 C 


Total 


El«went 


A 


School 
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102 



S6 



75 



263 



not TKU 

HE t IHU, 
not HU ' 

and INU 



n 

10 

52 



a' 1 

33 



5" 
J 

13 



9 
6 
35 



*: 1Z malt ted IIP. 
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In rMitmn to displaying the cognitive elements* scalability. Table 4 shows the differences in wo- 
poftiona! reasoning among students In the three schools. Most of the students in xhools A and R used 
at least one cognitive element, but most or the students tn School C dtd not use propofiiouat reasoning 
at ?tt More th«f» half of the students In School A used all the comparison cognitive elements, one 
third of the students In School B did the same, but only one«efghth of the School C students did so 

Mitdna value pugles.* Comp*»<ng the two sides of' Table 4, one finds that cognitive element 
MVI, used by 51 ot the students, was InterrhedWte in frequency between Ihe comparison clement HE 
(61%) and either I1U (44%) or INU (41%). and comparable to the union of III) and INU (50%) Cog- 
nitive clement MVN with a frequency of 14% was less widely used than any of the comparison cogni- 
tive elements. 

Our efforts to combine the two scales/in Table 4 **re not successful for the reasons shown in 
Table 5, which is a contingency table of the two sejs of cognitive elements The hierarchical sequence 
(HE) (MVI) (lit) or INU) (MVN) is suggested by these frequencies, but the 14% of subjeus who 
were exceptions precluded accepting it 



Tubl« j, Coin Inguncy Fub'e of tumult He Klessunttf for Cosparlwon 
and Missing Value Pcnulea (percent, N - 263) 
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MUtiliig Value 


(none) 


HE 
only 


IIU ' 


HE i\ 
1NU 


tIK.HU, 
and INU 


Total 


HV1 only 
. HVN & HV I 
Total 


29 
4 
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32 


11 
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0 

;? 


5 
) 
1 
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2 
3 
I 
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3 
20 
11 


49 

1? * \ 
14 
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li k>iu,il <nj additive rcasom ni Though the frequencies of proportional .zoning of the pre sen I 
study were similar to the findings in kPS, tht frequencies of additive and illogical reusing were not* 
The use ef a&huvc reining was moth lower than thmi reported earlier, and illogical reasoning wu 
used more frequently Furthermore, illogical reasoning varied substantially from a low of 26% on Pui 
<lc WH to j high of 53% on Piuzle WX-i, while illogical reasoning hi J been appro xi nut ely uniform 
fur all eight puules used in tfPS When one examines Table 2 in more detail, it appears that illogical 
reasoning increased *s proportional reasoning decreased. This result, observed in cach^of the tnree 
x hoots, differs fioni ihe^tinjiing of KPS that additive reasoning increase^ as proportional reining 

decreed ' w * " ' 

j 

I 

I CONCLUSIONS 
Uy means uf ihe dehn)iiun of cognitive element*, Jl was^ possible to establish separate scales lor 
prop* ttiuiul tcasonmg on comparison and missing value problems Ujual integer loinpartson problems 
were i und u> be the easiest of all types used Missing va«uc pioWcr.is with integral ratios were coin 
paracle. n difficulty to 'u.ne.qual' vompanson problems with one integral ratio v Musing value problems 
»ert then lore also comparable in diftkulty to the adjustment, problems studied by KPS tn conjunction 
with unequal ratio b4»ni r Mri^4>ns 

Thcsc^r esultt vuggc*} that teachings for propcKtional reasoning sr. xhcol* tike School i\ where 
«htcv mem level > 4u lowland the usual uattx^ksare considered inadequate by many teachers, might 
well txgin $nh chmj mtcsjcr .unif-ariion problems that, include unit arid oon unit amoums ifcc high 
Ircuuemics oi 'llugiwl and ,qualt& live responses, however, also lead to ihe conclusion thai the quaimta 
live uext.puon J reitpe Ijgtedtents, *m>>u.tls •*( nvmey, time* distances ami < ther wubtes -.hjufd 
receive atieiitton even before specific quantitative reUiuonships like constant ratioj, constant sunis, or 



constant ddfererues 



r 



^ How ledge nient^ This study rws benefited fjum the assistance uf I auric Bower* and Pal 
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PARTITIONING AND UNIT RECOGNITION 
IN Ptftf ORMANCtS %N RATIONAL NUMBfR TASKS. 

T:*in Kiel en and Ooya ) KcKoit 
Uni vers! ty of Alberts 

There appears to be a marked contrast between what children and young adults 
could know about rational numbers and their performance on rational nutter 
acnievement tests. For example Vlnner et a I (1981) found numerous errors in 
simple addition tasks such as !/2 ♦ lA. Two algorithms used by > ouhd adults 
in his .sample were 1/2 ♦ \/k • » | and 1/2 ♦ 1A - - |. While 

Vinrer et al do not describe the rational number constructs of their sample, 
one might conclude that the users of algorithms such as those have either do 
not have a well developed rational number construct or at least dc not relate 
such a construct to the task of adding. For example, If rational numbers (or 
some subset thereof) had a quantitative base, then a child might know 1/2 * 
\/k - i/k as a "basic fact", that is a well known description of experience. A 
more sophisticated quantity based judgment would be that 1/2 < 1/2 ♦ |/d <| . 
Thuv the numbers 2/6 (being less than 1/2) and 6A (being greater than I) wcie 
not possible candidates for the sum 1/2 ♦ I A. In such cases rational numbers 
would have a meaning beyond a sy ten of two part symbols to be manipulated. 

How does a person, in particular a child or young adult in his csr her first 
9 years of school, build up a meaningful system of knowledge^! rational num- 
bers? Kieren ( 1 9 8 1 ) has developed the thesis that such^etfnstruction results 
from or at least entails the coordination of at leaSt X f!ve Jlmenslons. The 
first of these is mathematical in nature. Because rational numbeVs are a 
complex phenomena, they represent a number of distinct sub-constructs such as 
measures and operators (Kieren 1976, i960) . Thus a person must have mathemat- 
ically diverse rational number experiences, representing both the additive 
and multiplicative nature of these numbers. A second dimension which reflects 
the first is the diversity of images by which a person car. "picture" rational 
number ideas. The third dimension is symbolic. There are two knowledge 
building problems associated with this dimension. The first is the use of a 
pair of integers to depict a single entity. The second is the fact that th^ 
foriul symbolism (e.g , ,JA) needs to connote and Indeed be built upon a var- 
iety of informal synool systems which r-late descriptively to diverse physical 
situations (e g., 3 divided Jfeong k t three of these fourths of a unit). A 
fourth dimension is psychological in nature. In particular, one might »sk 
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■bout the capabilities needed to understand a number such as M 2/3 M . One 
might speculate that processing represented by class inclusion tasks might 
be basic to being able .to use the appropriate unit In developing rational 
number ideas. Hoeltlng (197$, Noeltl ng and Gogne, 1980) suggest that two 
staged processing would also be necessary (e.g., 2/3<V7 because 2/3 - V6A 
*76< k/7) . The complex nature of rational numbers mathematically and symbol- 
ically suggests complex neurological and psychological processing as well. 
The fifth dimension concerns the matttemitical thinking tools a person uses 
to cope with and devalop rational number Ideas. Such tools may result from 
direct Instruction either formally or Informally. With respect to whole num- 
bers one such thinking tool or constructive mechanism is counting. Three 
mechanisms useful In ra Monti number idea construction are unit recognition, 
equivalence (as a thinki lg tool rather than a formal mathematical notion) and 
partitioning. 

It is beyond the scope of this essay to further elaborate all five dimensions 
described above or to detail their Interaction. However, much as unit, suc- 
cessor, counting and corresponding ace critical to whole number development, 
the constructive mechanisms rationed above are critical to rational number 
development it Is the purpose of this paper to discuss In some detail the 
mechanisms of unit recognition and partitioning. This dl scussion wi 1 1 cut* 
r mtnate In the consideration of the work of students in grades four through 
elgtit pn four kinds of rational number thinking. 

Constructive Mechanisms 
» " Unl t Rccoqnl t ton lr a stijdy of parformance on number line tasks ttovlllis 

< 19ft I in press) noted that grade 7 students had difficulty in identifying 
rational number points such as 1/3 on the number line In face of a line of 
2 rather than one unl t of length. A common error was for the student to In- 
dicate the oolnt lh (one third of the way from 0 to $ on the number line). 
Babcock (i978) fr^cfun on basal measurement tasks Involving fractional parts, 
that choosing the unit was difficult for students In grades U and 6. 

o 

There are several ways In which the concept of unit and the mechanism of unit 
recognition manifest themselves In the context of rational numbers. Hunting 
(1980) considered the case of unit recognition under a discrete part-who1<* 
manifestation of rational numbers, tyius In finding 2/3 of 12 objects one must 
consider the objects as unl ts then third! as unl ts of unl tt (sets of k) and 
two thirds as a unit of units of unit s, (a set of 2 sets of k out of 3 such 

ERIC 



17 /V 



sots). In this case choosing or Identifying the unit is a 'what shall we 
count** *p fob rein. 

Although this concept of unit as * set of (one or mora) objects has use in a 
parts o* a whole concept, it is based on an atomistic concept of unit. A 
,ratlor.at number unit, in general on the other hand is a partible one, at least 
in theory. Recoijm zi n*j objects as at once units for counting and as partible 
units is one level of the unit recognition problem. Pothier (1931) found that 
young children^ - 6) had difficulty dividing^, or even 3 cookies evenly 
between two children. In each case they found they had an "extra 1 or "too 
few" cookies (i.e., they saw cookies as counting units). When asked to divide 
one cookie between two children, this unit concept suddenly changed and they 
"scared" the cooUie (i.e., they saw the cookie as a partible unit). After 
this prompt, they could easly solve the other sharing problems (1 1/2, 2 1/2, 
3 i/2 cookies per person). 

Another rational nucber unit concept Is unit of comparison. Thus when one 
ties the nunber 3/t to some reality one says }/k of something (quantitative). 
If one consider* the .multiplicative manifestations of rational nunbers (ratio 
numbers fnd operators) the role of this unit Is more abstract and algebraic 
In nature If a person is applying rational numbers in a ratio situation, a 
unit or "whole" must be arbitrarily selected. For example, in a group In 
which there are 3 girls for each boy one might say that 3/*» of the group are 
girls but would be less likely to say there are 1/3 boy for each girl. Fin- 
ally in an operator setting a 3A operator maps one quantity to another and 
the unit of comparison is the unit or identity operator. Here the rational 
nunber is describing a relationship and not a quantity, hence unit has a spe- 
cial meaning. 

Parti tioning 

The last thinking tool or thought-action to be considered is partitioning - 
the tict uf dividing a quantity Into a given number of parti which are 

themselves quantitatively equal. There are a number of levels of this 
behaviour (Khren 1980, Pothier 1 9 8 > ) - 

The first level oT partitioning takes two forrfis either focussing -on the 
separation into the correct^umber bf pelces or an equality ol piece or part 
sl*e without reference to nuni,cr . A second level is a coirblnatlon of these 
two with a division Into the given nu.tber of parts, followed by an attempt to 
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'Vvcn up" the part*. The tM rd level Is algorithmic In nature. This is shown 
for example, In "dealing out" behaviour In the discrete case or successive 
halving behavlojr In the continuous caiz. A key feature of this partitioning 
Is that the child Is convinced that the action guarantees a p artition. It Is 
Important to note that a person could have an algorithm for a particular 
situation- (e.g., discretr objec t , or eighth's) but exhibit first level beha- 
viour i other situations (e.g., thirds). A fourth lev*! entails the relat- 
ing of the result of a partition to number (in particular rational numbeis). 
Thus while an\lgorlthmic partltloner Is certain of the^. equal nature of the 
partition, the numerical part it loner can answer "how much" or "how blq" in 
rational number term*. Both persons would be able to solve a particular prob- 
lem. The Uttctr would fee able to Integrate the experience Into o wider 
mathematical context. 

The Interaction and the need for coordination of the dimensions of knowledge 
building exhibits Itself In the partition act. Partitioning differs depending 
on the nature of the material to be partitioned. Some categories of parti- 
tioning tasks are discrete (objects which cannot be subdivided), contlnous 
(e.g.. a rectangular cake), discrete but continuous (e.g., mini-pizzas which 
are both coining and partible units), continuous but unitized (e.g., connec- 
ted paper towels), continuous but prepart I t loned (e.g., a scored chocolate 
bar), and discrete but unitized (a dc?en eggs). 

Thete Is also an obvious connection between partitioning and division. In 
fact, the -standard division algorithm symbolizes standardized partitioning 
repeatedly by 10 and sharing. 

Theoretically the three thinking tools allow a person to generate rational 
rumber ideas. Partitioning, equivalence (guant I tat i ve* , and unit recognition 
allow a person to realize when 3/<» • 3/4 (e.g., different partitions of the 
sam* unit) and that 1/3 can be greater than 1/2 (e.g., 1/3 of a large unit Is 
greater than 1/2 of a smaller unit). Equivalence and partitioning and unit 
recognition generates order and density properties. Partitioning and first 

quantitative, equivalence and later formal equivalence allow for the notion of 
addition, while Internal equivalence as well as paitltlonlng can be used to 
generate mul t ipl I cat Ion . 
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. The question is - do children and younq adults, exhibit any of these thinking 



tools when faced wUh Vat (una I number problem solvtnq tasks*' To answer that 
question the complete (written) protocals of a random sample of $2 grade 6, 
7 and 8 students as they worked on four rationa* nutter tasks. These proto- 
cofs were selected .from those of all grade 6 pupils in two schools and all 
grade 7 and 8 pupils in a large junior high school in a small Alberta city 
with a mining, lumbering and petroleum based economy. These four tasks weie 
part of a larger Rational Nunfcer Thinkin& Test (reliability .92). They re- 
quired the test tafker to figurally share pizzas or chocolate bars among a 
number of persons and to report the amount of each fair share. From a 
mathematical point of vle«|two tasks involved posi live rational numbers less 
than one and two used rationa Is greater than one. Two tasks involved per- 
forming a division of pre-par t i tiored units (chocolate bars), on one of these 
t the partition could be used to directly solve the problem. 

Due to the scope of this paper, the analysis given below is limited in two 
ways. First, it is limited in the kinds of tasks analyzed. Second the ana- 
lysis focusses primarily on the partitioning mechanisms used and in a secon- 
dary way on unit and equivalence. 

Rcsul ts 

The results of the protocal analysis are summarized in Tables I - k. The first 
categories In the four tables were first derived independently by the two in- 
vestigators. After classification was attempted using each set consensus was 
reached on final categories. These categories though grounded in the data, 
represent a close match with previous theorizing on partitioning (Kieren, I960) 
Using derived cateQorles thtre was a .97 coefficient of agreement between 
the investigators on the independent classification of individual student 
task protocals. i 
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PI scussloo 

As'one can see the response categories are similar across the four tasks. In 
fact the active categories could have been 'collapsed to three. 

The first of these would entail a physical exploration with an evening out of # 
9«ven number of parts used as a strategy. The categories "halving", "chords' 1 , 
"Ignoring remainder" would fit here. The second collapsed category would In- 
volve behaviours which could be said to entail a physical algorithm and would 
Include the "sequential", "repeated division", "2 radii", "J radii" categories. 
The third general Category would be mathematica l . From a study of protocals 
this category collected procedures In which the subject appeared to solve tin. ' 
problem symbol lea I ly and then dr«w bis or her representation. Such represen- 
tations always entailed only the fewest physical moves. 

The use of a more extensive category system was done to illustrate » he wide 
variety of constructive partitioning behaviour used* by these middle school 
pupils even though the problems should have been relatively simple for them 
mathematically; with the exception of tha "3A" problem, over two thirds of 
this sample attempted to use a physical problem solving approach. These 
approaches usually showed an attention to tha nature of the problem, for 
example, one grade 7 boy dellber** ' y partitioned each' of k pi z/as In 3 dlf- 
foient ways to ensure that a person'sVaJr share of "four thl rds" wasn't Jeo- 
pardized by the systematic mistake In cutting. 

Pothier ( 1981 ) In a study of partitioning behaviour in children aged 5 - 8 
suggests that non-unit fractional numbers arise from combinations of a unit 
fraction partition. A study of these categories shows that partitioning In 
non-unit situations goes beyond the simple repetition of simple partitions 
{e.g., repeated divisions), further such acts are Influenced by the partit- 
ioning situation - contrast the resists for the two *V3" problems. 

Two general performance patterns can be observed In the data. With the 
exception the "*)/3 chocolate bar" problem, there Is a dramatic Improvement 
In performance with age. The largest change In correct performance occurs 
from yrada 6 to grade 7. v et In terms of categories the grade 7. subjects dif- 
fered from the grade 8 subjects. The grade 7 subjects appeared successful 
through the use of physical algorithms wheras the grade 8 success was based 
on mathematical solution. 

The impact of the physical situation Is seen as contrasting performances on 
the two pre-partl tloned problems. In the case of the "3/V' problem the 
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pertl.tlon fit the solution. In this case many students considered the unit 
to be the "piece of the bar" and gave the tuthematicaj solution 2* t* *t « 6 
pletes. 'This problem and ftrategy appeared easiest fpr the subjects, partic- 
ularly the giedc 7 girls who achieved significantly better than their m*le 
counterparts. (This was the only significant sex difference In the grade level 
totals elthough there are some Interesting patterns of category differences.) « 

In relating division end rational numbor^the choice of parti tlonable unit Is 
important. In describing the a no on t of the fair snare students used either 
a discrete * % pieces** or fractional - **}/k bar 1 * - unit. In this case of the v 
"3/4 chocolate bar 1 *, percent, used e discrete unite 'As noted ebove many 
students solved this problem as 'a whole'nuaiber division problem. Although the 
other chocolate ber, setting had "places" only ?2 percent "used a discrete unit 
here and lets thao II percent used surh e unit In tha other two settings. 
Thus students seemed to realize thu fractional nature of these particular pro* 

6 1 em* as reflected In their unit choice. 

o 

The .uses of equlvelenc* mechenisms are more difficult to observe In theso da^o. 
Although this hypothesl s would beer testing In cereful clinical Interviews, It 
would epp'ear that students using physlcel algorithms also Mainly use quenti- 
tatlve rather than more formal equivalence thinking. Thls'ls particularly evident 
In the sequent lei category In Tebles 3 eH 4. There was also evidence of 
known pair equivelance (1/3 - 2/6, 3/*J • 6/8, k/\2 - l/3f In many mathematical 
category performances and a few physical algorithms (e.g., diameter sixths In 
Table I) performances. 

4* 

' Cone I us I on 

The data summarized f n the tables ebove Illustrated that students can and do 
use e verlety of Informal thinking methods In solving problems to whl/Lh they 
relate. Students, particularly those In Crede 7, used physical elcjorlthmlc 
partitioning to successfully solve rational number problems. Such partition- 
ing activity related to 4ptlr perceptions of unit - discrete or part Itloi.able- 
«nd^ seemed to entail a quantitative notion of equivalence. It would appear 
that these mechanisms can be observed in children's behaviour, night be useful 
in a description of how a person builds up rational number constructs, and 
might be more deliberately considered In ratlonaj^n umber curriculum even for 
sti'dents In upper middle school grade*. Rational number knowledge bul ft un- 
der s3ich circumstances might better be about quantitative situations, and 
not simply about systolic manipulation. 
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PKOCESS PATTERNS IN T11K SOLUTION OF 
VISUAL MiU NON-VISUAL PROBLEMS 

Gerald Kuln, Patricia P. Campbell, Martha L. Frank, and Gary Talsms 
Purdue UniversUy,< West Lafayette, IndUna 



The protocol* and problems from four etudlea of problem solving In grades 6 
through 3 ware arralyzed. Initially probleea vrrt categorized aa visual or 
non-visual using Krutctskli'a definitions. Solvers were classified aa visual 
cr nou-viaual according to their reliance on uaa of drawings snd dlagraas 
when solving all problems. Analysis" of the process-sequence data Indicated 
that non-visual problea* were characterized by less overt repreaentation by 
non-visual subject*. Subjects j>er3i£ted and were sore likely to succeed In 
their approaches when the problem type matched their strategy preference. 

Krutatekll (1976) a as cabled four different aarles of non-routine probleas to 
Investigate what ha defined as two ty; > of 'mathematical abilities, uaotly 
the vlaual-plctorial and the verbal-1* ^xcal components of thinking. One of 
theaa series waa composed of problems which represented different levels of 
"vtauallty," thtt 1« problems which, to a greater or lesaer degree, auggested 
a graphic or Visual reproaentstlon and problems which, according to Krutetskll, 
could be solved with mora or less eaa* by use of a flgural or pictorial ap- 
proach, lhla luvcxt tgation followed Xrutetskil'e theme as it questioned the 
Interaction of specific aubject (preference for flgural varaua analytic strate- 
gies) and task variables (visual, or non-vlsusl problems). 

In particular, thm problema used In four different problem solving studies ver* 
categorized «* being visual or non-visual. These atudlas all used ttfe "think 
aloud" methodology to elucidate the proceesci or strategies csployed by students 
aa thay aolved non-routlna mathemattcal word problems. * Visual snd non-vlaual 
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aolvera were Identified. Kol loving coding of the protocols, the procese-eequence 
dete vert analTxed to determine (1) the eaee of representation of vleual end non- 
visual problem* by sll subjects, (2) the persistence of use of ihe vleuel or 
non-vleual solution approach across mil types of problems, and (3) the level of 
eacceee of both che visual and the non-vleuel aolvera when attempting probleae 
rep rt a en ting the different levela of vieucllty. 

Xt has been tatabllahei that apatlal ability Is • good predictor of problem- 
eolving performance (Verdelln, 1958; Wilson fc Begle, 1972), especially If the 
problems are "visual" In Krutetekll's atnst (Hoses, 1978). Information 
proctaalng thaorlata view problem solving aa a proctaa of generating aucceaalvely 
mora elaborate relational natvorka among the Initial problem coaponent* and 
among additional illation* and components genersted In ths process of schieving 
the problem wrf vwt* network of relatione which a problem aolver haa generated 
at a given p^mmTNTiha aolutlon proceas la called the represents t ion of the 
problem at that point (Newell fc Simon, 1972). Keaearch concerning apatlsl 
ability has found thst subjscts with high spstlsl sblllty tend to perceive 
problems holiatically, aa a gaatait, vhlla subjects with low spstlsl sblllty 
tend to hsvm s mors analytic, piecemeal perception of problems* focuaing on 
details (Smith, 1964; tfardelln, 1958). Thua an individual having high spstlsl 
ability ahould be. mors capable of generating relatione and, from tha information 
proctaalng perapectlve, might be expected to ba a more auccessful problem aolver. 

Creeno (1977) proposes three criteria for evaluating ths "goodneea" of under- 
a tending in, a problem solving altuation. Good undemanding lnvolvea achievesent 
of e coherent represent atlon: repreaentatlons can vary in tha degrea to which 
thtir componenta are related in a compact atructura. Note that an individual 
with high apatlal ability would ba expacted to axhiblt a high degree of coherence 
in problem represcntatlona. Good understanding requires a cloee corraapondenca 
batvt*n tba aolver'e representation and at ha problem Itaelf ; aoae rtpreaentatlons 
may lead to rsthar a?tlflclel aolutlon*. Good undarat&udine alao Involves 
connect edneas y th* extant to which a solver v o repreaent atlon la related to previ- 
out knowledge. 



The criterion of aptciel Intareat hare la correspondence. According to Cretno'e 
theory, if a aubject la preaentad a "visual** problem, there v'.H be a better 
imderartsRdinf of the problem If the internal representation is npatlal rather 



Shan nusarical or verbal-syaboUc (Grecno, 1977, p. 76). In this etudy it «o. 
assuced that such a #piUal internal rtpri^nt niuu would ssnlfesi ittelf 
through the use of diagrams or figures. Thue the focus of chla study wss co 
determine If chere wefc evidence to support the hypocheala of o correepondence 
between problem type (visual or non-visual) and solution processes (aa 
lndicstors of internal vcprescntation) . 

METHOD 

Data Source . One-hundred and eighty young adolescents (gradea 6 through 9) 
were individual y interviewed by one of four Intervlewera (Days, 1978; 
Kutcherson, 1976; Kilpatrlck, 1968; Konain, 1981) aa they attenpted to aolva 
a aat of non-rout ina aatheaacica problems. The subject* represented a variety 
of demographic characteristic* froa four different geographic locations 
(Indiana t Wieconein, California and Texaa). Hie intervlewera were all educators 
who ware knowledgeable in aucheaaclca and the paycKology of psthenatlcal 
reaaoning. These interviews were recorded to produce a aat of taper* procotola 
which were forwarded to cha Mathematical problem Solving Proctesss Project. 
The protocola were than coded by one of tha four Invaatlgatora ualng a modifi- 
cation of tha proceee-eequsnce coding scheme developed by the Saith (197?) group 
and described In Lucaw et al. (1979). * 

Tha pruceaa data code* war.i initially analyzed zo determine vlaual (thoae who 
conalatently relied on dravlnga or dlagrasa aa their solution approach acroaa 
all types of problems) and non-vlaual aolvars (those who conslstsntly avoided 
use of figures and raliad upon logical raaaonlng). Following o ranking, the 
27Z rule (HcCsbe, 1980) was followed to identify 48 vlaual and 48 non-visual 
aolvcra froa the original popjiation of 180 subjects. The visual aolvera ueed 
figures or dis^rsns to solvs more then s third of ths problems they were pre- 
sented. The non-visual eolvsrs did not use pictorial representations for any 
of their probleae. 

Procedure . The net hod ueed to eelect problems for thla analyale wae based on 
Krutstakii'a^clasaif icatlon according to ths degree of vieuellty in solutions 
(Krutstakil, 1976). Krutetskii ueed e eerlss of both geoastry snd arithmetic 
problems. The arithaetic problems were divided into thrae types: vlcual, 
averaga, and mental. Opiniona of teachers, ss well ss consideration of 
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itudente' solutions, were uaed by Krutet^Ml to classify a problew. The visual 
(V) category contained those problems for nhich the easiest method of solution 
wee to use s figure or diagram. T\ eae pr obi em a could also be.to?ved by verbal 
reaacning, but it vas considered to be core difficult to use thst method. The 
problems In the average (A) group vere approximately equally esay to aolve 
using either vlsusl or verbal-logical methcde. The problems Iff the cental (H) 
category vere rhose vflch did- not require vlaut* concepts. Thete were moat 
eaally aolvsd by verbs 1- logical reasoning. 

$om« of the problema available on tha tapes vere ldentlcsl to the problems In 
Xrutetekll'e aeries. Othcra bad alight changea in syntax or context. The re- 
mainder of the probleas In this study did not occur In Krutetskll'a problem 
■criea XXIII, but his definltiona vere uaed tc classify them Initially. Sixteen 
problema were eelecte** for analyale. for each of these probUma, an analyala 
of the proceee-uequence codca for all the aubjecta who attempted to aolve the 
problem vss perforated to determine the proportion o? aubjecta vho uaed a figure 
ok diagram in their solution. The 16 Probleaa vere then ranked according to 
the proportiona. Probleaa which ranked In the upper 27X vere claaalfled as 
vlaual probleaia. Probleaa ranked in the lover 27X vere claaalfled aa non- 
vlaual problems. Thus four vlwual and four .ion visual problema conatltuted the 
problem aerlea for tha remainder ci the analyala. 



Example* of viaual and non-vleual probltma ira given belovt 

Vlaual problem ; An airline paaaenger fell aaleep vnen he had traveled half way. 
When he awoke the dlatance remaining co go waa half the tfietjnce he had traveled 
while aaleep. P„r what paft of th; way did he sl*ep? 

Kon-vlaual problem : A can of gaaolint welgha 8 pounda. Half the goeollne la 
poured out of It. The can of gaaollne now we»gha 4.5 pounda. Hov much doea 
the can velgh without the gaeollne? 

Ihe reaults of this initial analysis auggaat that there are soma problema for 
\hlch a relatively high percentage of aubjecta tend to drav a figure and aome 
problcrs feft vhich fev, if any, aubjecta drav figures. However, for a number of 
ftutstskil's problems, evaluation of tha aolutlon proceaaea utilized by the 
aubjecta In vhla study did not confirm hla claaalf Icatlon achemt (ftee Table 1). 

Table 1 



Vlaual 



A-l, VI, HI- 2, H2-1 



Kpn-VJpuai 



A2-K A2-2 



Hot Claaalfled 



M2-2, V2, Hl-1 
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Frequency diet ribut ions of the process codes for each subjsct and problem group 
were performed at each problem ablution step. Also, for each proceee, the Mao 
number of occurencaa In tha coded sequsnce atrlng vae computed. 



RESULTS AND CONCLUSIONS 



Tha analysts of proceta codta aupport ttie hypotheala th«t visual and non-visual 
problem solvers perform differently. Thesa dlffarencas ar* enhanced on probleoo 
classlflsd aa either vleusl or non-vieuel. Tsbla 2 shove the proportion correct 
for each group on eech problem type. Ths raaulta claerly indicate that eubJscCs 1 
solution epproach matched to problem type produces the beet performance. 

Table 2 

Proportion Correct 

Subje'cte 



H-V 



Problem 



V 

H-Y 



.54 


.36 


.23 


.46 



When etretegy end problem typs ere eia-**tched, subjects ere more likely to 
abandon tha problem (see Teble 3)J Subjecte vho rely on dlegreaa sppsar to 

Tabls 3 

Proportion Abandoning Problem <Stretsgy) 
Subjects 



Problaa 



V 
N-V 



K-V 



.04 (.35) 


.13 (.07) 


.15 <.23> 


.00 (.15) 



be mors likely to chenge thslr etrategy* sspsclally whan solving vleual 
problem*. Psthsps ths dlagrsae do not offer sufficient euppoit to finish the 
problems, making a nsv epproech nscseesry. At the seme time, the external rspre- 
eentetion makss It possible for the eubject to leave the problem vlthout lose of 
ths undsrstsnding of problem rslatlonahlpe. The diagram can thue aerve aa e 
dsvlce which supports flexibility in ths solution epproech. 



The most lmportent function of a diagram la to eld in understanding end rspre- 
e toting the problem. Teble h presents the eequence of eolutlon atsps snd ths 
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* I PA- 
OS* of the process thst vss coded as "separstes", thst lo, the recognition of 
pro >i«n elements *nd relstlonthlpa* It sppesrs thst on non-visual probleao, 
the subjects who are lees dependent on diagrams exhibit leee overt snslyslo 
of the problett. They mxy understand the problca aore cowplotely durins the 



Tsble 4 

Percent of Subject Using "Sepsrates" st Esch Step 
Solution Step 



Subjects 


Problca 


2 


3 


4 


5 


6 


7 


8 


9 


to 


Vlsusl 


V 


40 


19 


12 


10 


10 


12 


4 


8 


12 


K-T 


31 


31 


0 


8 


23 


6 


0 


8 


8 


Non- 
Visual 


V 


39 


13 


7 


7 


7 


13 


7 


7 


0 


N-V 


21 


6 


8 


0 


8 


6 


10 


0 


2 



inleisi raiding thsn do the visual eolvers. Thle difference doee not appear 
on visual problems, indicating thst the Internal representation of these 
problem may be wore difficult. The lnck of s difference on problew types for _ 
vlsusl eolvers provldee evidence thst any lnternel vleusl representstlon thst 
tikes plscs during the Inltlsl reeding docs not reduce the eawunt of processing 
neceseery leter. 

It should be noted thst these reeulte do not etteapt to cetegorUe oi charac- 
terize subjects eccordlng to vlsusl luagsry or spatlsl ability . Subjects may 
draw disgrsss because they cennot vleusllze (Hoses, 1978) or beceuse they do 
visualise end wish to represent theee Images externally. These dats arc being 
snalyred further to provide other insights snd explanation! for the differentlel 
eucceee In problesi understanding and representstlon. 
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CHILDREN'S CONSTRUCTION OF BI-DIRECTIONAL EQUALITY A TEACHING EXPERIMENT 



Ed Labinowicr 
California State University 
Nor t bridge 



This P'per describes a, teaching experiment with second-grade 
children designed to provoke a reconstruction of their uni- 
directional view of equality in the context of equality ten-* 
tences at higher levels of mathematics 1 relatione. Piagct's 
developmental-construc t ivist framework, served at the basis 
for designing the intervention and the selection of children. 
This study sheds light on the process of reconstruction at 
well at on a method of interacting with children that facili- 
tates thit procett. Although novel notiont of bi-directional 
equality were demonstrated by the children in different situ" 
ations during the 12-day intervention, total integration of 
the -concept was not achieved. 



INTRODUCTION 

Although mathematicians make no distinction between left and right sides of equality 
sentences, elementary school children do make such distinctions. WVercss mathetaa~ 
ticians view equality sentences as equivalence relations having reflexive, symmetric 
and transitive properties, children read their own meanings into the symbols. 
Interviews by Behr, Nichols aad Erlwanger (1976) and by Van de Ualle C 1980) reveal 
that elementary school chiiJfpn read narrow meanings of equality into equality sfcn-.. 
tences The researchers alto report the children*! retistance to those relations 
thtt mathematicians find "implicit" in equality scntencet . Hott children reject 
equality sentencet written in the following forms, 8 « S + 3, 5 ♦ 3 ■ 6 ♦ 2 or 
8*8, correcting them to conform to a rigid left-to-right format. 



Equal ity Sentence 


Child's Reaction 


Resistence to Equivalence Relations 


8 - 5 ♦ ) 


Wrong or backwards/ 
Corrects as 5 ♦ 3 » 8 


Doesn't grasp the symmetric 
property of equivalence. 


> ♦ ) - f> ♦ 2 


Wrong/ Corrects as 

W 3 • 8 and 6 f 2 • 5 


Resists the transitivity property 
of the equivalence relation. 


A - t» 


Wrong /Corrects as 
' 4 ■ 4 ♦ 0 nr A ♦ 4 ■ 8 


Unable to ascribe meaning to 4 ■ 4 
vn terms of the numbers being the 
same. 



-Ill- 
Alto, instead of talking about the *'*" sign in terms of "is the same as* 1 or "is 
another name for/* most children refer to it only as "equals.** They explain the 
sign as a "do something signal'* fnr finding the answer or separating it from the 
problem. Whereas mathematicians view the equality sentence as a representation 
of static relations of equivalence, elementary school children tend to view it 
as a representation of action on objects. An arrow pointed to ehe right ( — C> ) 
would be more representative of children's understanding of equality than the 
mathematicians' equality sign (Nichols, 1976, Denmark, 1976). Hot only does the 
concept of bi-directional equality appear to be eiuf?ve for elementary school 
children but for high schoolers as well (Kieran, 1980). 

Despite the resistance of elementary school children to novel formats of equality 
sentences when presented m writing, their responses to oral statements of equality 
are more flexible (Behr, et al., 1976). Many children will accept statementa such 
as, "Eight is the same as five plus three," as being correct. Thus, in many chil- 
dren's ainds there exist opposing vi-ews of equality of which they seem unaware. 

Children's inability to interpret "**' as a bridge between two quantitatively 
equivalent expressions may be the direct result of their instruction. A survey 
of primary school textbooks in nal.iemat ics by Denmark (1976) indicated a lack of 
systematic instruction in equality as a relation. Cinsburg (1977) points out that 
children's unidirectional view of equality is consistent with the single model 
presented in the textbooks. Van de Wslle (1980) attributes children's narrow view 
of equal ity~to the format of workbook presentations of exercises as tasks for 

which answers are to be determined, e.g., 5*3* , Therefore, the limited 

treatment of equality in most elementary textbooks may be the cause of the limited 
view of equality held by children throughout the grades. 

The (.receding hypothesis was tested by Denmark (1976) in a teaching experiment 
with first graders having no prior instruction in equality sentences. For several 
months, children were exposed to a variety of sentence forms which could be 
modeled with objects on a balance. At the conclusion of the experiment, the chil- 
dren demonstrated greater flexibility in reading and accepting different sentence 
forms. fei, nearly all of them viewed equality as uni -direct lonal , regardless of 
the written form. The equals sign still indicated the" locat ion of the answer, 
either on the right or left side of the equality sentence. Denmark concluded 
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titat thf first-grade children's limited view of equality relation* was not explained 
solely by instruction and thst their ability and intellectual development we.r* also 
contributing factovi. . 

Piaget/s developmental constructivist position predicts s unidirectional view cf 
equality for preoperational Ci.iMren in terms ot irreversibility in their thinking 
about the part-part-vbole relation. On the other hand, it auggeats that the emerg- 
ing logical opcrationa (revcraibility, cempenaation, identity and tranaitivity ) in 
the concrete operational atage of children'a intellectual development are capable 
of supporting the conatruction of bidirectional equality. Theae aaaunptiona were 
applied in the aelection of children for the teaching experiment. 

Another aaaumpticn 3»f Fiaget'a developmental-conatruct wiat position ia that chil- 
dren conatruct their ovn mathematical relations through interaction of exiating 
f conceptual structurea and their environment. Learning experimenta deaigned within 
Piaget*a equilibration model (tnhelder, Sinclair fc Bovet, 1974) have demonstrated 
hov children's reconstructions *t higher levels of understsnding csn be provoked 
by intensifying this interaction. The teaching experiment, described here, was 
designed according to Genevan. guide lines . 

PROCEDURE 

Preliminary Interviews with Children , Since children's new constructions will 
integrate existing ones, it is essentisl to first hsve an intimate knowledge of 
children's views of equality. A series of three clinical interviews with thirty 
second-grade chllo»cr* over a four-month period produced s pool of information on 
children's response! to s variety of tasks pertaining to equslity. 

Selection of Thougtvprovoking Tasks . Tasks likely to provoke children to rethink 
and to integrate their existing notions towards bi-directionality were identified. 
Different combinations of these tasks ware tested with the sbove children in the 
third interview. Combinstlons of tasks thst resulted in cither disequilibrium or 
partial reconstruction for some children were retained for the tesching experiment, 
examples of such tsska sre described below. 
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Rationale for Selection 



« ••••• 

• »l«OC 
•#••00 
• ICOOO 
• OOOOO 
Q QOOOO 



. Repf en-jncir.a Parti t ioning Patterns 

the children observe us rows of six 
Othello pieces are partitioned by flip 
ping increasing numbers \>t pieces and 
exposing another color They are 
asked to predict "names for six" for 
subsequent rows:\The children write 
equality sentences Showing all the 
noses for six. "if you know that 
every row has six. can you start your 
number sentences with six?" 

"Read your number sentence without saying 
Che word 'equals.' Make up your own words 
in its place." 

"How come you puC a plus si*n in all of 
your number sentences? Did you really 
put nore* pieces on the board?" 



this situation provides a*»phys- 
context ift which children will 
be less resistant to writing 
a single mineral on the left 
side of the equality sentence. 



Children are provoked to rethink 
of addition and subtraction in a 
ftatic relationship and to in- 
vent synonyms for "equals" in 
tlti. context. 



Representing Equalization oC Sets 

"lluw can you make the balance 
even with the table top? What 
do you notice about the blocks 
when the balance is even?" 



~25T 



"Write a numoer sentence at^Kt all 
chat you did. . . 1 notice that you 
wrote different .sentences Are they 
both just as good or does one of then 
fit better!" / 



In presenting the problem, the . 
position of the larger set is 
varied to provoke the child to 
consider the possibility of 
natch ing the order of the sym- 
bolic record with- the- physic ai_ 
context and writing b" * 5 ♦ 3. 
If equalized by taking away 
blocks, the child could write 
5 • 8 - S. 



Representing Number Story Problem* 

Children are tsked to natch different 
story problems with different physical 
models for the same equality sentence. 
Hie situations modeled are. separating 
or joining, part-part-whole, equalising 
and comparison, (Carpenter et al, 1981) 

Children construct physical models for 
orally-presented story problems and 
represent them with equality sentences. 



In dealing with different 
classes of problems, the 
children are provoked to 
rethink and expand their 
view of equality to incor- 
porate static relations. 
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8y exposing children to a range of physical tasks, a conflict between opposing 
interpretations is initiated which My lead to a successful reorganisation of 
ideas. 

Pre-aaeassment . Six end-of-the-year second graders in a textbook-oriented auith 
program (/ere given a pre-assessatent of understsnding of equality concepts and 
Fiagetian tasks in a series of two clinical intecviewa. Four of these children 
were selected tor participation in the teaching experiment based on their uni- 
directional view of equality and their demonstration of at least two logical 
operations on Plagetian tasks. Although .these children lacked sophisticated 
notions of equality, they were judged to be developmental ly close enough to 
consider th? tsska sslected for the intervention. 

Intervention . During etch session an attempt was made to provide optimal poeei- 
bilities for interaction as the children tested ttwir existing notions of, equality 
in * range of novel (Physical contexts and were confronted with feedback fron a vari- 
ety of sources. Thus testing, discussing, and evaluating ideas was the setting for 
reconstruction of equality concepts at higher levelit of mathematical relations. The 
chifdTeri were enlouragsd to make their own generalisations' following experiences 
that hsd the potential for provoking them to do so. The intensive interactions 
were videotaped and analysed prior to planning for the next session. Twelve ses- 
sions of 45 minutes duration were scheduled over a three-week petiod. 

The role of the investigator included an expansion rnf the sensitive clinical inter- 
viewee's role described by Opper (1977). Further interaction «„» facilitated by 
juxtaposing selected zhiluren s responses to sharpen tha focus on sny contradictione 
and inviting their reaction. The|e gentle confrontations focused on either con- 
flicting notions expressed by the seme child in different contexts, conflicting 
notions held by other children in the same group, or, conflicting notions held by 
a hypothetical child of the same age. The latter notion was introduced by the in- 
vestigator as s countar suggestion. A delicate aspect of this role ia to avoid 
imposing adult authority into the children's discussions, while maintaining a 
friendly, neutral manner during the intense interactions. The investigator 
attempted to accept each child's response without any judgment of his own. A 
further attempt was made, to consider each response carefully as a potential indi- 
cator of the -hi Id's current levei cf thinking and as a source of hunches for the 
q ~~ question to ask or ^he next situation to devise. 
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Delayed Po*t-a*»e .ament A clinical interview, conducteJ one, oonth to 1 lowing the 

* * 

interventi >n , esiployed both famliir and novel tasks to assess the depth and sta 
bility of the children'^ understanding of bi-di rec t i ona 1 equality. 

RESULTS 

In the course of the inlei vention p the children not only demonstrated novel, more 
sophisticated responses, but also vacillated between sophisticated and unsophis- 
ticated responces in different contexts prior to integrating their view of equality. 
Pisget identified both vacillapfyis and partial constructions as essential, inter- 
Mediate levels in the .on^ction process. One of the partial constractions demon- 
strated by the children was the Hatching of an equality sentence to the order of a 
specific physical context. 



Level Interpretation 



1 Uni directional, context independent . There is only one way to write a 

number sentence (left to right) regardless of the physical context it 
represents. (5*3*3) 

^ "Bi -di rec l londl ," context dependent There is more than one way to write 

a number sentence, but it is the physical context that determines which 
way ii needs to be written*; i.e., the sentence uust natch the order of 
the physical context, (ti - S ♦ 3) » ^ 

i ' Rj-dircc t ional t context independent . (Generalizing beyond the context) 
There is store than >ne way to write a number sentence biR the context is 
not mportant It is the relationship that counts regardless of the 
order of writing and physical context. The same relationship is ex- 
pressed by 8 ■ S ♦ 3 snd 5 ♦ 3 - 8. 

The expression of all three of the above viewpoints within a group of v fuur cluUren 
led to some lively discussions and eventual reconstruction*. Within Riaget '4 frame-/ 
work, both vacillations and parTiul constructions are indicators of progress towards 
nigher levels ot understanding. f 

Despite the precautions taken to reduce the influence of adult authority in the dis- 
cussions and to redirect any Jt iterances to the author it; ot chiidten'* .«wn logic,* 
another tour~ti y*( authority interfered wtth children's progress. With the limned 
treatment of equality in the children's math textbook, one of the arguments pre* 
seated against the acceptance ot the novel equality sentence formats was, "It's 



It 



o 
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not in the math hook!" One child vacillated between r.itinna! justifications of the 
novel formats snd concern! for the authority of the textbook. However, the sequence 
of activities snd subsequence discussions provoked another , chi Id to confront the 
authority of the textbook In a distinct demonstration of intellectual autonomy, 
the aaierted, "it doesn't matter if it'a in the math book or not, just an long as 
vhat you think if it's right. " • 

The following indicators of b i -direc t i onal i t y were demonstrated within the group of 
fou£ children, both during the course of the intervention and during the pre-assess- 
oent : > 

♦ acceptance, jtitti f ication and continued usage of novel sentence formats, 

* invention and continued uiage of fcjational synonytis for "equals", 

- generalization of relationships expressed in equality sentences beyond 
specific physical contexts. \ ' « 

Although di onstrating greater sophistication than the first graders in Denmcrk's 
study (1976), thaie second graders still thought of the equal- aign as an indica- 
tor of the location of the answer, regardless of its location on the left or right 
side of the equality sentence. 

f 

y 

Bi-directional equality ia a sntlri-f sceted concept whoa* complexity is maaked in 
the economy of the mathematician's representation — the equality aentence As 
pointed out by Futon (1979), the same equality sentence can represent a range of 
mathemstically- and siluationally-dif ferent typea of number-story problems. The 
interpretation of its elements (», •») will vary with *ach one. Ttiis study 
shows that second-grade children demonstrating at least two logical operations 
can construct and grapple with notions of bi-direc t ional i t y . Although they derooo- 
atrated Considerable progreaa, they were unable to coordinate all aspects of the 
mult i-foceted. concept within the time constraints f^f the? atudy. 

Understanding *"d mesningf utness are rarely if ever "all 

or none -.^sights in either the senhe of being achieved 

instantaneously or in the aenae of embracing the whole of 

a concept and i's implications at one time (Jones, 1959. ' 
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APPLIED MATHEMATICAL PROBLEM SOLVING PROCESSES 
NEEDED BY MIDDLE SCHOOL STUDENTS 1H THE SOLUTION OF EVERYDAY PROBLEMS 



Otir presentation will discuss several Interrelated components of a current 
-NSI*- funded research project designed to identify and Investigate processes 
9 needed by average ability middle school students when they attempt to use 
elementary mathematics concepts to aolve problems in realistic everyday 
situations. Theoretical perspectives of the project, and psst research 
which contributed to Its design snd implementation, have been summarized 
elsewhere (fceah, Note I, 1981) .This f«per briefly descrlhrx a portion of 
the project that will be taking place throughout the fall semester of 
1981 (approximately sixteen weeks). 

The major goal of the fall segment of the protect it to conduct dsily 
observations of approximate! y eighteen seventh grsders ss they work, 
Individually or in groups of three, on problems designed by th» prnject 
stsff to elicit important processes, skills, snd understandings that are 
needed In the solution of everyday mathematics problems- A series of 
"background measures" will be sdmlnlstercd during the fUst two weeks of 
the fsll semester. These measures will concern verbal sblllty, spstlsl 
ability, general Intelligence, creativity, field dependence, cognitive 
restructuring capabilities, memory capabilities, ref 1 ectlvl ty~ Impulsl vlty , 
attitudes cowards mathematics and problem solving, anxiety about mathematics, 
and locus of control. Thej|*#ill also measure specific prerequisite tinder- , 
stsndingo and procedural knowledge that tinder ly the problems to be pre- 
sented In later sess&ont throughout the fall. Hie goal la to. develop a 
profile nf ea-h student that is ss complete and comprehensive aa possible 
within the time constraints of the project, 
•J 

Some of the background measures wlM be given as pre- and poat tests to 
help aaseaa the learning effects of the problem solving experiences that 
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the student* will be pr.mlitrd oilier neiiurei, or the theoretical con 
struct* underlying other ncisurcn, will furnish perspectives for Inter 
preiing the behavior of Individual atudents in various pr*ihlea situations 
At le aat two Java pe .- wee k the studenta will work in group? of three on 
problems designed to require approximately 30-60 minutes of activity 
One obaerver will be aaslgned to each ^roup. Audio I apea will be made of 
•11 group problea aolving sessions, snd videotapes will be made of at 
least one third of the groups. These tspea will be condensed into written 
protocols accootpanled by observer Interpretation.. Obaervatlonal achemes 
•ud protocol anal ya la proccdurea have been developed during the firat year 
of the project and will be discussed during our preaentat ion. 

One dty per veck vtU be devoted to worksheet a, designed for Individual 
atvdenta, focusing on particular problea typea, proceases, or student 
cspabil ities , or on particular stsges in the problea solving prices's. 
Nomomptitst ionsl and uon-answer giving processes will be given specisl 
attention. All of the information used to interpret student performance 
on theae workuhsets will be derived from the reapoftaea that were given. Ho 
Attempt will be made to monitor the unracorded atepa that were csken to 
* produce recorded responses, lndlvidusl interviews will be required for 
process) oriented testing sessions, which will occupy the remaining two 
days of each school week. KxsiAplss will be given during our prcaentation 
to illuatrate some of the kinda of interviews we will be uaing. 

Whereter possible, problems snd test items were borrowed from existing 
materials, standardized tejts, or past research or curriculum develop- 
ment projects. In many caaea, however, new problems had to be created • 
and piloted during the first year of the project. 

a % 

The kinds of problems we have developed involve no more thsn elementary 
arithmetic, meaaurement, and geometry concepts; they are aa much like 
"candid camera" altuatlona aa we vera able to devise for use in claaa- 
rocn environment a inula c ions . The problems involve Tsmi ly 11 nances 
(e.g , balancing a checkbook, planning a vacation, atartlng a lawn (sowing 
business, estimating the effect of inflation), ncaaurement situstions 
(e.g., estimating distances uaing different kinda of mapa, pnrchaainy 
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enough v«llpip«r to cover • given room exactly), predicting trends from 
tablet of data, and other problem that night reasonably ncciir (n the 
everyday Uvea of youngster* and their families. 

The solutions to the problems range in length from sixty aeconda to sa 
much sa alxty Mlnutea. Often a variety of different aolutlona are poaalble, 
varvlng In soph 1st les t ion or complexity, snd s vsrlety of solution paths 
may be available, ranging from ualng concrete models to using abstract 
aywbols. Special attention haa been given to problems lr which "non 
snsner giving** atagea of problem solving are important, e.g., question 
asking, problem refinement, modeling (i.e., simplifying the situation to 
fit available modelsor creating/modi fyinfc models to 'lr the altustlnn, 
selecting appropriate repreaentstton s>atema, evaluation trla 1 solutions, 
etc. ). 
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trnlike the csae with many typical word problems, reading the problem In not 
expscted to he a aource of difficulty. The queatlona emerge from concrete 
situations that are quite familiar to the students. The problem *n to 
find s solution, not to Interpret the meaning nf the problem situation. 
Unlike many mathematical pussies, no "clever mathematical tricks 4 ' src 
deeded in the solution procedures. AH of the problems Involve straight- 
forward uaes of esay to Identify Ideaa from arithmetic, meaaurement, or 
intuitive geometry. Further, s variety of "oitalde resources" will be 
Available, including calculators, resource hooka, other atudenta, and 
teacher/consultsnta who will supply facta and information upon request. 
So solution attempta wltl not he blocked by deficient technical skill 
(a.g., computation) or memory capabilities (e.g., measurement fscts). 

Whether we sre observing Individuals or groups, the gosls sre: (s) to 
describe the processes, skills, snd understsndlngs thst ore used to solve 
various problems, (b) to create problems that are realistic, mathematically 
rich, and psychologically interesting- -and to deacrlhe the most Important 
charac terlatlea of each problem; (c) to obtain a profile of the Individual 
and group characteristics, tmderxtsndings, snd capabilities that influence 
aolutlon; and, (d) to observe the problem solving activities from a 
vsrlety nf perspectives, characterizing differences in performance across 
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problems sud across time Hit expected products include s l lass! ficat Ion 
Scheme of p rob lea types, behaviors, and individual and group characteristics, 
where ye anauae thar one of the most importsnt dimensions diat Ingulahing 
organist* (either individuals or groups) concerns the "conceptual models'* 
(see i.esh, 1981 for a definition and brier discussion of conceptusl models) 
available to the orgeniam. 

Our work suggests L j, 4t t |, e fci nc j fl c f "problems" that are included in most 
textbooks are quite unlike the major problem types students commonly en- 
counter in everydsy situations (Hell, Mots 2; l.esh, 1981). And, the 
proceasea that average ability youngsters need In order to use mathematical 
Ideas* to soke realistic everydsy problems are seldom represented among 
the priorities listed Lv spokespsrsons for either "bsslc skills" or 
"prob lea solving" (Leah, 1981). 
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THE ftOLE Of METACOGNITIVE DECISIONS IN 

MATHEMATICS PROBLEM-SOLVING 

(OUTLIKE OF THE SESSION) 

Presenters: Richard lesh, - Northwestern University 
Frank Lester* Indiana University 
Edward Silver* San Diego State University 

The recent research literature on memory and cognitive development has con* 
tilned numerous references to terms such as Metamemory , metaamemonlcs , metalin- 
g uistic* , find matacoonltlon . Even More recently, considerable Interest In rosti- 
mtmery and net a cognition has been generated within the mathematics education com- 
eunlty. For example, at a conference on problem-solving held at Indiana University 
In the late Spring of 1981 one of five discussion groups devoted exclusive attention 
to metacognltlon. 

Before proceeding to describe the nature of this session, a definition of 

Kttecognltlon 1$ In order* This definition has been given by the noted develop- 

Rental psychologist, John Flavell, who has been most prominent in making meta^"*** 

cognition a legitimate area for research. While the definition lacks precision, 

It serves as a clear description of the types of proctr ^ Involved In meta- 

cognltlve behavior: 

•Metacognltlon* refers to one's knowledge concerning one* s own cognitive 
processes and products or anything related to them, e.g., the learning- 
relevant properties of Information or data. For example, I am engaging 
In metacognltlon. • . If I notice that I am having more trouble learning * , 
A than 8; If It strikes me that I should double-check C before accepting 
It as fact; If It occurs to mt that I had better scrutinize each and every 
alternative In any multiple-choice type task situation before deciding 



rtlch Is the best one;. if I sense that I had better make a note of 0 
because I may foroet It. . . . Metacognltion refers, among other things, 
to tfce active mwltorlng and consequent regulation and orchestration of 



these processes In relation to the cognition objects on which they bear, 
usually In the service of some concrete goal or objective (Flavell, 19/6, 
p. 232). 

Contemporary research In mathematical problem-solving Is rife with studies 
O the "tactical" beh.vlor of problem-solvers and of the ability or Inability of 
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fuve been carafully conceptualized and painstakingly conducted, they have 
focused on cognitive behavior only. Furthermore, the methodology most often 
eaployed, protocol analysis, deals with problem-solving behavior at a micro- 



It is our bias that metacognltlve processes constitute the essence of real 
problem-solving and their role can no longer be Ignored. The primary purpose 
of this session Is to Initiate serious dialogue about the role of metacognltlon 
In problem-solving and about how a metacognltlve dimension can be Incorporated 
Into future problem-solving research. 

The session will be organized as follows: 

!. Theoretical considerations about metacognltlon. 
A. What 1s Its role In problem solving? 
8. Kow Is It related to cognition? 

C. What is going on In other fields (e.g., developmental psychology, 

reading). 
(Lesh I Silver) 

11. A tentative scheme for categorising metacognltlve behavior. 
(Lester) 

III. Description of two studies currently underway. 
A. The Applied Problem-Solving Project (Lesh) 
8. Developmental changes In metacognltlve bthavlor (Lester) 

IV. Difficulties In studying metacognltlon (Silver) 

V. Group discussion ( Note : A large portion of the session will be devoted^ 
to discussion), 

Reference Hote 
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THE EHERGEHCE OF ALGORITHMIC PROS' 'H SOLVING BEHAVIOR 



James M. rtoser 
University of Wisconsln-tfadison 
rfadison, Wisconsin 53706 USA 



The r p f<wry focus of to* research program of the Mathematics CJork Group of the 
Wisconsin Research and development Center 1$ the study of the development of 
addition arid subtraction concepts and skills In young children. The major 
venicle for this Investigation Is a three-year longitudinal study begun in 
Septemoer 1*73 with first grade children with an average age of 6 1/2. years. 
Tna final data collection point for the study took olace In January H8K A 
nuw>er of variables are under investigation including problem solving behaviors 
on a specific set of verbal problems, selected cognitive skills, performance on 
written arithmetic tasks, and the nature of classroom Interactions observed In 
the classrooms of the subjects In question. Details of the Study and some 
earlier results are contained in previous papers presented to the WE 
'(Carpenter , 1980; Carpenter i rtoser, 1979; Hoser, 1930). In this paper only 
children's performance on problem solving tasks will be considered. A further 
restriction Js the limitation to problems Involving addition and subtraction 
of two-digit numbers. 



Subjects. Subjects for the study consist of about 100 children from $ i x 
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classroous In two elementary schools that all draw from predominantly white 
mlcidle to upper-midale class neighborhoods. All received instruction from the 
Developing Mathematical Processes (DMP) program, an activity oriented instruc- 
tional program developed at the University of Wisconsin. uHP has a strong 
emphasis on problem solving and during the time period reported here, subjects 
were instructed in the analysis and solution of verbal problems of the type 
used in this study. 

Data to be reported were taken from four individually administered problem 
solving interviews that were given in January 1980, Hay 1980, September 1980, 
and January 1931. At the tioe of the first*interv1ew t all subjects were in 
the middle of second grade; thus, by the tine, of the final interview, all were 
in the middle of third grade. At the time of the first interview, no formal 
Instruction in the use of computational algorithms had been given. Between 
the first and second interview, introduction to addition and subtraction with- 
out regrouping and addition with regrouping was taught. Sunaer holidays 
occurred between the second «nd .hird Interview. Between the third and fourth 
Interview, the regrouping algorithm for subtraction had been taught. 

Problem solving Interviews . E*ch interview Includes six problem types, two 
witn an additive structure and four with a sub tractive structure. Represent- 
ative problems ang the order in which they are given to a child are presented 
In Table 1. 

Each interview consisted of two parts, the first with the. six problems contain- 
ing two-digit number!, for which no regrouping (borrowing or carrying) 1s re- 
quired to compute the answer [hereafter described as the M d" problems] and the 
second pa/t with six problems containing two-digit numbers for which regrouping 
is required [hereafter described as t e M e M problems]. Six different n.snber 
triples were used for each part. They are listed in Table 2. The assignment 
of number triples to problem types involved a six-by-six Latin square design 
resulting in six sets of six problem tasks which were uniformly and randomly 
distributed across subjects. Problem wording was systematically changed, while 
retaining the essential semantic structure. The Interviews were conducted in 
a quiet room separated from the child's actual classroom. The child was pre- 
sented with paper and pencil, and a large set of plastic cubes. Problems were 
read to the cnildren by the interviewer and repeated as necessary. 
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3. 



6. 



Joining 
(Addition) 

Separating 
(Subtraction) 

Part -Part- Whole 
(Subtraction) 



Part-Part -Uholt 
(Addition) 

Comparison 
(Subtraction) 

Joining, Mis- 
sing addend 
(Subtraction) 



# Table I » V 
Representative Addition and Subtraction Verbal Problems 

Jacques had 12 pennies. His father gave him 15 more 
pennies. How many pennies did Jacques have altogether? 

Harie had 29 candies. She gave 18 of them to Collette. 
How »any candies did Harie have left? 

There are 31 children in the classroom. Nineteen of 
them are girls and the rest are boys. How many boys 
are In the classroom? 

Joan-Paul has 17 red marbles. He also has 19 blue mar* 
bles How many marbles does Jean-Paul have altogether? 

Chantal has 16 tickets. Her friend Michel has 29 tickets. 
How many mart tickets does Hichel have than Chantal? 

Diane has 23 strawberries. How many more strawberries 
does she have to put with them so she has 37 strawberries 
altogether? 



Table 2 

Number Triples Used in Verbal Problems 

•d* Problems V Problems 

12,15,17 12,16,28 12*19,31 13,18,31 

11,18,29 13,16,29 14,18,32 16,17,33 

14,21,35* 14.23,37 15,19*34. 17,19,36 

RESULTS 

One of the major questions of Interest in this particular set of problem solv- 
ing tasks was whether subjects would exhibit similar types of solution strate- 
gies as they had used with smaller number problems (sums betweeVs and 16 and 
•11 addends being one-digit numbers). For those problems, a greaKdeal of 
direct modeling and use of a variety of forward and backward countinVtechniques 
had been observed. Or would children resort to algorithmic behavior? \chi1d 
was coded as using an algorithm if he/she gave direct written or /erbal evidence 
g> * )1ace-va1ui consideration had been made and that computations were made 
£J3 J^ttly for the ones* and tens' places. We did not record how the actual x 
mmmm tation within a particular place was carried out. If » for trample, the x 
problem involved tile lil . j £ r— did not attempt to determine how the child 
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wouta get tiie sum of 5 ♦ 9, either by a known or derived fact, or by some 
counting Method. Table 3 presents the results for the four interviews for 
«U six problem types and for both nunoer sizes. Both the percentage of 
cniloren who used an algorithmic behavior and the percentage of correct answers 
from tAong the algorithm users are given. 

Table 3 

Percentage of Children Using Algorithmic 8ehavior 
Interview 



Problem 
type 


1 

(Jan. 
d 


80) 
e 


2 

(Kay 80) 
d e 


3 

(Sept. 80) 
d t 


y 

(Jan. 
d 


81) 
e 


, Joining 
1 (Addition) 


24 

(20) 


25 
(ZD 


61 

(S3) 


69 
(S3) 


67 


60 


90 
(88) 


92 


9 Separating 
c (Subtraction) 


19 
(I?) 


14 

(3) 


65 
(SI) 


58 


58 
(SO 


40 

(3) 


87 
(8$) 


88 
(89) 


, Part-Par t-Hhole 
4 (Subtraction) 


18 
(IS) 


14 

(Z) 


64 

(Si) 


52 


48 

<w 


32 


89 


80 
f*9J 


, Part-Part-Whole 
4 (Addition) 


32 
(3D 


24 

(1$) 


70 
CBS) 


72 
(80) 


66 

f5i; 


61 

(44) 


92 
(8?) 


95 
(88) 


c Comparison 
9 (Subtraction) 


16 
(U) 


(t) 


50 
(38) 


45 


41 


27 


78 


81 


c Joining, missing addend 
* (Subtraction)* 


18 
(I?) 


10 

(2) 


39 
(I?) 


35 
(3) 


28 

r«3j 


26 


59 
(hi) 


54 

no; 



Actual number of subjects 96 



96 



93 



(Hmbere in parvntlusae* nprmnt percentage of total oubjeote uho ueed algo- 
^rithmio behavior uho aUo solved the problem oorreotly.) 

The immediate impression is that the Increase in frequency and correctness of 
use of algorithmic behavior mirrors instruction in computational algorithms. 
Paper-and-pencil arithmetic skills tests administered Independently of the 
problem solving interviews give exactly the same results In terms o* ability 
to use a computational algorithm correctly. The great majority of errors made 
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wlth the regrouping subtraction algorithm In the early stages prior to formal 
Instruction with that algorithm were of the type well know to teachers* which 
H exemplified by m ^ , where In the ones' place the child follows the rule of 

•subtract the smaller from the larger" without any regard to the meaning of 
the entire nwber. 

Of more Interest than simple correctness Is the different pattern of use of 
algorithmic thinking for problem 6, the Joining, missing addend task. A 
reasonable explanation for the much lower Incidence of alqorlthmic" solution 
Is tne semantic structure of the problem. Using the specific example given 
earlier, the wording strongly suggests that the best literal translation of 
that problem Is the number santence 23 ♦ □ - 37. However; of those chil- 
ren who elected to use syi^ollc representations almost all chose to use the 
vertical computational form rather than horizontal sentences. The vertical 
counterpart to the sentence written above Is an awkward one, totally unfamiliar 
to children who had only seen the traditional form. It would appear that th« 
children who realized this fact decided to not proceed In an algorithmic 
fashion, even though, their behavior on other subtraction problems Indicated 
that thsy could correctly use the subtraction algorithm. The most frequently 
used alternative strategy for this sixth task was Counting Up. 

Another facet of the study wac to investigate the relationship between the use 
of written symbolic representations and the use of algorithmic solution pro- 
cesses. If « sentence, etfcher horizontal or vertical, was written^ It was 
almost always the case that the sentence was written before the solution process 
was initiated. This Is contrary to the results of an earlier pilot study 
(Carpenter, Noser, a Hiebert, 1981) where, when smaller numbers were Involved, 
the children wrote the sentence after solving. !n this latter study, however, 
ti* experimenter directed the child to write a sentence. In the present study, 
using written symbolism was at the discretion of the child. There was a very 
large number of chlidren who did not write sentences, but still solved 
algorlthnlcelly. This was especially true with the "d* problems. In fact, at 
the time of the fourth Interview, almost half of the subjects did not write a 
sentence for the addition problems without regrouping. The success rate for 
algorithmic students who did not write sentences Has very high, due to the fact 
d ' hCW ** n probabl * the bH 9hter students who are H ely to solve correctly 
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While Much of the discussion has dealt with the use of algorithmic solving, 
.it Is appropriate to briefly characterize the behavior of those children who 
did not use algorithms. The results are essentially similar to those we have 
gathered using the sane subjects, but with the smaller sized number problems. 
Problem structure appears to be the uost powerful factor In determining the 
choice of strategy. Subtractive strategies seem to predominate for the 
Separating proolem while additive strategies are most evident for the Joining, 
missing addend problem. Again, the only place where Hatching appears is with 
the Comparison problem. As noted earlier, problem 6, the Joining, missing 
addend was tne task that had the least number of algorithmic solutions. As 
a result, It wa< also the problem with the greatest frequency of so-called 
'Heuristic" (Carpenter, 1980) strategies. I take this as further evidence 
that children art capable of Inventive behavior (Noser, 1980). 



REFERENCES 

Carpenter, T,P. Heuristic strategies used to solve addition and subtraction 
problems . Piper presented at the fourth annual matting of the International 
Croup for thb Psychology of Mathematics Education, Berkeley, California, 1980. 

Carpenter, I.*P. i Mostr, J.H. The development of addition and subtraction * 
concepts Irf young children. Paper presented at the third annual meeting of 
the International Group for the Psychology of Mathematics Education, Warwick, 
England, 1*79. 

CarpenterJT.P., Hoser, J.M., I Hiebert r J. The effect of instruction on first- 
grade children's solutions of basic addition and subtraction problems (Working 
Paper to./ 304). Kadi son: Wisconsin Research and Development Center for 
Individualized Schooling, 1981. 

Hoser, jii. What is the evidence that children Invent problem solving strate- 
gies? Piper presented at the fourth annual meeting of the International Group 
for the psychology of Mathematics Education, Berkeley, California, 1980. 



4 



/ 



- 1 10- 



i 



LEVEL AND METAL EV EL IN DEVELOPMENT 
AKD THE PASSAGE FROM A STAGE TO ANOTHER 

by Gerald Noelt,inj 

Unlvereltft Laval, Qufbec 



Tha two-level theory of Infonutlon-proceeelng , (Sternberg, 
1977,1970) finds lt» counterpart, In problest-solvlng reseerch. with 
the dietlnctlon bstvewri tectlcal end strategic declelone (Schoenfeld, 
19S1). A ^tally new" perepectlve la thus brought to*re*eerch on the - 
working of Intelligence, with evphasls put on ••eumegerlel*' declelone 
as opposed to "epleodee". 9 

^ Whan examined in the perepectlve of cognitive dsvelooeenr, . 

which eurcly araat Intereet tuth educatore, verloue queetlone can be * 
posed.* Hov are "manager lsl H skills developed during growth? Do 
they appear et St certeln ege? Cen they be found In young children? 
How do problest-eolving strategies differ et any 4 yeera ee oppoeed to 
• yeere, to 11, to 17? 

Working out the etepa In proble»-aolvlng at different ege* 
for an overview of our research on the development of proportional 
reeeonlng (Koeltine,. W80; 1* press), we vers eurprleed to rind that, 
et ell the etegee which had been identified, probleo-solvlng consis- 
ted In an Interaction between two levels of relstions. Ths fire!: 
levsl corresponds to ths problem as seen by the subject, consisting 
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in data th*t are encoded with their lst-order relationship to one 
a no the*. The second -lev&l corresponds-^ Zadrorder^atrmtegie* put 
into use by che subject to tort out these relations and combine them, 
loading up to,i solution. We have called the lst-order, noted ss , 
the factual level. .Here the dst* sre encoded snd directly relsted 
as objective facts / We have termed the 2nd-order level, » the 
inferential level. It Is hare thst the infomatlon bought to the 
subject's attention Is processed through combination of relatlo ^, 
leading to «i solution of the problem. Here one finds composition 
and control . 



The Interesting fsct Is Inst, when psssing to s new stage, 
the inferences 6W the former stsge become eiaple facfb, which csn be 
worked out Inrlde a new systea of Inferences, consisting in novel coa-^ 
blnetlons of relations, leading rr, s higher-order solution. Rsther, 
o%e should say, It is when inferences sre properly worked out, thst 
they become psrt of the subject's mental set of schemes, procedures 
which are immedistsly put Into action when similar dsts sre found. 
Thus a new level of strategic processing csn be set Into motion, which 
csn be called a new stage of information processing. • 

However this explanation la not sufficient to explain the 
passage froa>§ stsge tc snother* further mechanisasof differentiation 
and combination of two types of atrstegles intervene* 

At esch stsge in the construction of proportional reasoning , 
in 'act, we had found two types of strategics. Ths 'external strstegics 
bear on elements of the same kind making up e clsss , the 'internal strs- 
teijiee bear on eiutumts of different kinds making up a relation . nA 
proportion auch as (a t b) * where the ordered pairs srs ratios,* 

combine these two types of relations. In the experiment alluded to, 
ratios conMsfsd in~jr?asoes of orengo juico^nd water, which sre nixed 
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and cocpared, 1st tero being orange Juice md 2nd term water. Here 
a'e are 'externa?' relations between nunbers of glasses of orange juice, 
and c~r t 'Internaf rela tlons between nunbers of glasses of orange juice 
and water. Dual strategies are found at each stage as can be seen i.i 
the exanple* given. 

V>"hen the subject oasters the processing strategics of a 
stage, these are internalized as cere factual data. The external and 
internal relations can be differentiated and re combined, giving a new 
base level to work from. This process, Riven as a tentative explanation 
for the passage from a stsge to another, finds some factual evidence. 

Pacasge fro* stage 0 (Figures 1 and 2) to stage I A consists 

in a conbination of pr^totytical dors and oroVr o r succession, to yield 
nifte:* at stage IA, also found at stage IB (Figures 3 and 4), 

Passage fron stage IB to IU (Figures 5 and 6) consists in 
the differentiation and ulterior conbination of Internal and external 
relations, one fixed as an invariant , the other stobillsed as a YJUCitttt. 
to yield the equivalence class of ratios or the transposition of reln- 
tionji . 

Paasage from stage IIA to stage II1A (Figures 7 snd B) consists 
in differentiation and conbination of an equivalence class and an'a- 
greemrnt and dif f erence 1 * scheme, to yield the common denominator algo- 
rittrtor the unit-factor method. 

Diagraroaatic representation of information-processing at 
tvo levels: a "tactual" Ist-order level and an"inferential" 2nd- , 
order level. Is a useful tool to show how intelligence proceeds at 
each stage of development. A conpleaent would be to show that pro- 
bleo-solvlng consists also in working out relations uithin sub-wholes 
of a problea snd fctjetn sub-wholea* This is offered as a new sspect 
of the no del, describing precesses involved in problem-solving In vs- 
rious fields. 
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!>TACL 0: I'KUH'k. RATIONAL SYMBOLIC STAGE 



a) Identification: construction of the prototype (class-type strategy) 

Nicolas, 2;9 H9:\ (1,2) vs (2,1) "-Where will It taste stronger? 

failure -JTjts (points at glass of orange 

juice In A and 2 glasses In B). 
* And this is water (2 glasses In 

A) and this is water (glass In B). M 

v /? 2 : prototype (water) 



fl^ Identification 



X 0 0 



X X 0 



(1,2) vs (2,1) 



fl^ identification 



fljt prototype (juice) 

Figure 1. P rob lea-solving hicrsrchy at stage 0 (prototype) 
identification 
# 2 : prototype with coaaon naae 

X : Juice, 0 : water 
b) Localisation: construction of succession (relation-type strategy) 



Jacques, 4 years V: (3,1) vs (1,3) (Points successively at the glasses 

Failure in B) 

"There chewy. Water. This tastes 
water. This tastes water.*' 



X X X 0 



X 0 0 0 



(3.1) vs (1,3) 



R^ : localisation 



#2 : succession 



[Figure 2. Problem-solving hierarchy at f'ts^e 0 (succession) 
/fj! localisation of a locus 



i #2*' succession of loci 



KLC 
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STAGE 10: PREOPERATIONAL INTUITIVE STAGE_ 
•) Extern*! strategy 



} Sttphane, 5;0 B7: (1,2) va (1,3) 
Chooses A (success) 



"There are 2 glasses of voter, 
there (A) ; 3 glasses qf water 
there (B) . There 'a 2 glass of 
Juice there and there <A and 8). M 



If 



(1,2) vs (1.2) 



le Thus (1,2) > (1,3) 



Flf^ire 3. Problem-solving .hierarchy at stage IB (external). Construction 
of thr agreement and* difference aches*. 



F^: external agreement 
*lt : * xtftrn ** dtfferenc* 

: agreement-difference scheme 



b) Internal atiagegy 



Francois, 6;0 



B8: (2,3) vs (1,1) 
Chooses B (success) 



"In B, there is J glass of Juice, 
J glass of water. In K, thefc are 
2 glasses of Juice and 3 glasses 
of water. There is too rruch 1 water 
taot? in A." i 



(2,3) vs (1,1} f?, 



2 1 



ItM 



1 1 

Ld 



Thus (1,1) > (2,3) 



Figiire Problem-aolvlng hierarchy st stage IB (Internal). Internal 
compensation vs non-compenaatlon. 



Internal compensation 
Internal non-compensation 
Internal compensation scheme 
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STACfc ilA: CONCRETE OPERATIONS 
a) External strategy: cun&tiuccJon of the equivalence class. 



Johanne, ll;0 A 7: (1,1) vs C 2)" " ^ach glass dilutes I glaos'/mZ' 
Chooses E (sue ss) A has a glass of Jui^' una D V 

glasses. A 1«:3 a glas* of vater 
and B 2. They remain equal, only 
there is more liquid mixed together 



/L - p.q: equival 



in 8." 



(1,1) vs (2,2) 
coeul tip Ilea tion 




Figure 5. l>roblet»-«olvlng hierarchy at stage IlA (equivalence claaa) 
Relations are fixed, terms arc coaultlplled. 

b) Internal strategy: ' transposition of relations 

Anne-Harie, 9;0 Bll: (1,1) va (2,2) "One for on* in A equal* 
Chooses E (success) 2 for 2 in B." 

rafcrlncc to unit factor 



le 



dividend as refereed 

divisor ss reference 



la* 



(1,1) vs (2,2) 1 I * 



lit vif ion 



2 I 2 Thus (1,1) * (2,2) 



"li 



= 1/1: cosnon quotient 

Figure 6. Problea-soiving hierarchy at stage UA (uni t 'fsc tor) . 
Terms are fixed, relations becone operations. 
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STAGE JIIA: EARLY FORMAL OPERATIONS 



a) Extern*! strategy: equivalence with difference 



Yvea, 15;8 



(2,3) va (7,9) 



L8r (2,3) va (7,9) 
Choooea I (aucceaa) 



*3 



la 

equlv. 

*3 



"2 glassed of Juice for .1 
glares of vate,r (a), i:,.ii* 
if a the same except there ie 
1 glace of juice more (B)." 



If 
6 



9 

JL 



eg.-diff. 
9 



Thua (7,9) > (2,3) 



Multiplicity ! 

Figure 7. Problea-aolving hierarchy at atagc IIA (coaaon denoainator). 
Combination of equivalence and agreenent-dlf ference . 

la: aultiplicntive; la: additive (lat-order) 
b) Internal strategy: unit-factor twthod 



Anne, 16; 3 



t8: (2,3) va (7,9) 
Chooaea B (aucceaa) 

Tranapoaition of relation 



I ii — ir~- 

1" la 

(2,1) vo (7,9) — * ^ + 

3 li 10J 9 

! !i ii :_j 



"Became there t* H glance* 
of water leoo.*^ 



Thua (7,9) > (2,3) 



q Figure 8. 'frroblea-folving hierarchy «t atage I IIA (unit-factor) 
J^J^Jj^ Unit-factor reduction then transposition^ 
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* COCMTIV* JUNCTIONIHC AND PERFORMANCE ON ADDITION AKD SUBTRACTION TASKS 
Thonaa A. Hosberg, University of Wlficonaln-Medleon, U.S.A. 
and 



Id a project carried out in Tasmania Id 1950, we were able to classify s 
population of children aged 4 to 8 years Into groups according to their 
Cognitive Froceaalns, Capabilities (CPC)— this waa done by giving two 
battarlaa of Casts, oat to Measure H-apace (Ceaet 1978) sod one to measure 
Cognitive Developmental Level • The testa In both battarlea vera intended 
to? bear Implicitly on the early learning of mathematical mat«\ ol. The 
CPC meaaurss and their deacrlptiona vera to be obtained by combining the 
information obtained f roa the two battarlaa of taata: Following th£a 
clasclflcetory procedure, the relationship between each distinct group with 
particular CPC characteristics and various exparleacea incorporating maths- 

ma t le al content in. Cbs be ginning arhnnl y tMn un to hm ■vi»in P< j T A_prelim=_ 

inery examination of. aome of thla data waa reported at Berkeley laat year 
(Romberg 6 Col 11a, 1980a) • Let ue auraeorlxc the results of grouping sccordlng 
to CPC esasures. 

It wss found that, ualng Factor Analytic technique a and a cluater enalyele 
.procedure (for dstsllo, eee Roebsrg & Collie, 1980b, c), Che population of 
4 to 8 year olde could be ceelgned to six groupe with the a a ao elated charac- 
ter latica summarised in Table 1. 

The tables following Table 1 indicate the direction in which the anelyaee are 
leading ue with reapact to the relet ionehlp between CPC level and the following 
, three variebloe; 

(1) echlevement on elementary addition and aubt Taction probleme, 
(11) etrateglee ueed by puplle on eleaentary addition and aubtractlon 



Kevin F. Collie, Unlverelty of Tasmania, Australia 



probleme, and 

(111) pupil oee of eddltlon and subtraction algorlthaa. 



(i) Achievement s Table 2 showe the percentage correct by CPC level on 
addition and subtraction prubUus ualng nuabcra up to 20 (seu Carpenter fc 



s 
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Table 1 

M-epace Groupings with Aaaocleted Character iaClcs 

Group H-apace Meaaura Characterlatic » 

1 1 eleaentery* qualitative comparisons only,"' 

lack quantitative and logical ability 

2 ^ 2 qualitative correapondenee, leek, epeclflc 

quantitative end logical ekllls 

3 2 *S+ high qualitative correspondence, have 
certain epeclflc quantitative skills 



(i.e., counting for epeclflc purposes-), 
do not reech criterion on loglcel ekllle 

3 *S- high qualitative correspondence, high on 

quantltetlve ekllle, do not. reech criterion 
on loglcel ekllle 



3 3 *S+, I celling on quelitetive correspondence, high 

6 4 *5- ; cn quantltetlve ekllle, /high on logical ekllle 



*&<• end S- represent the presence/ebeence respectively of e spatial ability 
aa Matured by one of the testa. 



Table 2 

Achievement on Teete C+ Tesaanlen Data 
(X Correct, Total fopulatlon) 

CPC Level X Correct Reeponeee Ito. of Trial a Involved 



1 


22 


160 


2 


65 


450 


3 


« 


3S 


4 


83 


264 


- 5.6 


36 


252 


Totel 


72 


1542 
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Moser, 1979). The reaulta art the combined acorea for two testa, ona In 
which phyalcal material was available and one In which physical material waa 
not available. The results show a significant incresss In achievement by 
CPC level— the biggest galna being Made between levela 1 and 2 and again 
between levela 2 and 3. < 
(ii) Strateglea t Table 3 show* the percentage of the varioua kinds of 
atrategiea used by the eaae children on the same problems as ware Involved 
In tha results In Table 2. 



Tab^e 3 

Pupil Strategies on Tests C+ Taamanlan Data 
(Z of Tinas Strategy Used; Total Population) 



CPC 
Level 


Direct j 
Modeling 


Counting 


Routine Mental 

Qpejuulooi 


Non-rout Ins 
~ Mental Op. J Inappropriate 


1 


28 


0 


1 


0 


70 


2 


36 


18 


13 


6 


27 


3 


18 


33 


26 


10 


13 


4 


11 


30 . 


35 


14 


9 


5.6 


' ,13 


40 


- 42 


6 


o r 



Using phyalcal cat trial, a*g., counters, fingers, etc* 
2 0elng known number facts or relationships 

'innovative use of number facta or relationships . 

There are several interesting features of Table 3 which need careful conaidsr- 
ation, three of which will be aentioned here. First, there is a very signifi- 
cant drop In the uaa of inappropriate atrateglaa employed from levela 1 through 
to level 3; arcond, r.he use of direct modeling goes down aa CPC level rlaaa 
and the use of counting and routine mental operations risos; third, the re- 
duction In uae of Inappropriate atrategiea la apread over the other categories, 
with counting and routine mental operations taking the largest and almost 
squsl shares. 
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(iil) Pupil Cm of AlgorUhnai Tabla 4 ahcrva tha ptreentaia of thlrd-grada 
Calldran, by CFC ltttl, who, hiving baan taught tha algorithms lor addition 
tad aabtraeelon, actually maad tha* to obtain the aniwar to a problan. 

Tabla 4 

Oaa of Knows Algorithm to Solva f rob lam Taaka D and S 
TiMulaa Data 

(X Uaing Algorithm, Total reflation of Subjacta Who Rid Laarnad Algorithm) 

X Oaing 

CFC Uvel Z Uaing Algorithm Xnappropriata Stratagy % uting Counting 

9 

2 24 37 • 

3 19 19 22 

4 20 19 II 

5,4 . 23 .3 32 



Calldran at ill CfC lavala maa tha taught algoritha lnfraqumntly, batwacn ont- 
f ifth and ona-fourth p£ tha number of tiaai whan it ia appropriate • Thay 
appanr to prafar to fall hack on mora H priaitivo rt ttrttagita tueh •• counting 
which thay hava maad auecaaafully pravicualy. It can ba nan that tha data 
oa thann tattt parallal thoaa ia Tablt 3 ia that, with riaa in CPC laval, 
tha usa of Inappropriaia ttrttagiaa dtcraitaa algnif icantly at tha aaaa tint 
aa uaaaf counting itratagita lncre*ata. It ia of intarttt to not a that when 
the childran eaatt to uaa inappropriate ttrattglaa thay do not, in the oain, 
urn to tha algorithm which hat been Uught at tha eppropriete etretegy. tn 
fact, for tMt population, tha uaa of tha algorithm doaa not incraaaa 
aignlficaatly with In creating CFC level. It it intaraating to epeculete 
oa tha raaaona for thla. Ferbepe tha emphaaie on ondaratandlng tha relet ion- 
ahlp between tha elgorlthm and it a application la alaplaced at leaat at thia 
aarly atagat perhep* wa ahould traat problem) aolving atrataglaa and algorithmic 
procaduraa aa dlacrata entitle*, taaeh than aaparately and worry about 
bringing then togathar at a latar ataga in tha child' a aathaamticcil develop* 
neot* 



J 
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KEIXR; HWWI EXPERIENTIAL- * IMAGERY- KN0HIED6E REPRESENTATION 
Abraham Shtmms 



Abstract: mathematics can bt viewed at a language. " But tht existing 
theories of semantic and Ttxlcal memory, though each wall established In * 
tarns of their supporting data, fall short of explaining the overall data 
at hand. HEIKR Is a Model of cognitive mind that successfully competes 
with oany theories and rectifies their shortcomings, It turn* out that 
HEIKR can be also used to clarify a series of other concepts In theories 
of Mtntal ability and learning. 

Keywords; mathematics education, cognitive psychology, motels of wind, 
Turing machines, artificial Intelligence, semantic memory, 
concept formation. 



#1. INTRODUCTION 
Semantics can be defined as the study of the regularities of 
"meanings." lut what Is the nature of these meanings and hew are they 
organized? Theories of semantic memory are mainly aimed to these questions. 
A brief review of these theories will be Introduced In #2. To rectify 
soma of the shortcomings of these theories, e new approach seems justified 
(Shmmwis, 1961). In #3 a short description of the new node), HEIKR, Is 
presented. It turns out that. In addition, HEIKR csn be a useful tool to 
clarify some notions of learning and abilities. #4 will conclude this 
report with short reflections on sone of these concepts, 

»> % 

92. REVIEW - 
Recently much has been said about_the complexity of our mental 
abilities. The amo'jnt of knowledge (Anderson ft Bower, 1973; fahlmin, 
1979; Guilford, 1979), Its diversity and effectiveness In facing the 
realty (Chtdw1ck-.1ones, 1975 a.b;* 6u11ford, 1979; Newell ft Simon, 1976), 
and Its orginfiatlonal and tn fafen&lal significance (Anderstn ft Bower* 
1273; Collins ft Loftus, 1975: Conrad, 1975s Fahlman, 1979; Schank, 1977; 
start, 1975) have absorbed much attention. Factors like Imagination 
(Palvto, 1974; Pressley, 1977; Pylyshyn, 1980; Varnock, 1978), associations 
and mechanism (Anderson ft Bower, 1973), Intentions and actions (Boden, 



1979; HcGInn, 1979; Pattlt, 1979), preoption (Hochbarg. 1974s filbson. 
1974; Pick. 1974)* tod conception (FiMmr, 1979; QuOHan. 1969) have 
found strong supporters and opponents (see rev taw la Andarson and *cwtr» 
1973; filbson, 1M9i and lectetn ^79), 

In cog**Mve sclanc* thera tun to be Hull doubt about tht exls- 
taoct of representations Md tetory. Sevarel theorist - In form of computer 
prograts • try to specifically explicate the structura of smmaatlc aetory 
(Collins I loftus, 1975; Fohlman, 1979; QuHllan. 19*9; Schank. 1977; 
Salt* alii., 1974). According to TIC* (Qullllet, 19€9), tht semantic 
MMory 1i structured upon sub~/super*ord1natt relation with strict economy, 
later, Htm It ims clear that soma Instances siy be tore typical than 
others (of e category), or som attribute clour (In term of semantic 
distance) than others (to each object), two essentially different theories 
«Mrg«d as alternatives. According to ISA 2 (Collins I toftus. 197$), 
sNMntlt memory has InUrrwl structurt slallar to TIC, with less strict 
sconce*. FCH 3 (Salth al il. t 1974) did not "taposa* any structure on tha 
start, but assumed spedf 1c machinist for comparison of two concapts In 
Unas of thalr defining faaturas. CO 4 (Schank, 1977) rajactad tha Idas 
that concapts soastltute tha smaaatlc units. Aathar, primitive ACTs, 
and consequently, conceptual Izatlona ana thr assanca of semantic networks. 
Savtral othar specific theories of semantic awry hava highlighted 
specific aspects of this lltlttd store. But, altogether, tha structura 
and tha natura of semantic oemory nMSlns as mysterious as te* dacadas 
ago (lachman alii., 1979). Tha lexical stora has had altost a similar 
story (Carrol I White, 1973; LacJuan at H. t 1974; filcjflold A Ulnaflald* 
To tha author (Shams. 1991). 1t semes that tha ovarall data at 
hand do not Justify presumptions about tha structura of althar stora. 
or thalr total separation A nan approach Is needed. HE1KR 5 (Shammss, 
19*1) Is a candidate. According to HElft, sots "creative" hardware* 

1 - Teachable language Comprahendar 

2 - Tha Theory of Spreading Activation 

3 - Tha Faatura Comparison fodel 

4 - Concept Oapandancy 

$ - Hunan Experiential- A Imagery-Knowledge Raprtsantatton 
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proce*! ( InttntlonaUtatlon ) Is needed to^abstrtcf concepts frcw tht 
sutytctlva experiences, and construct a pbenoaenftl world (of attributes) 
» with f rating coiwjruency with tht txtarnal world (of properties). HCIKK 
has v*ry ftw primitives with only one general wancry. But still U wttaa 
to bt powerful enough to compete Kith tht sptc1f4c theories of semantic 
and lexical etmory. In addition, It. seem* that HEIKR may bt ustd to 
clarify other conctpts of mental ability* teaching, ami development. 

#3. HEItt; THE HOOCl 

• • Structure 

, Tht only store presupposed In, KCICT Is a/ 3-0 array HxHxT» whart 
K 1s tht ordtr In which attributes art constmcttd at 

aach Ijivel H 
H Is the cowpltxlty rank of tht attribute* and 
T Is tht chronological fetasure of tint In stops of dt. 
b • Processes 

At tach entry mxn thtrt Is an, arc. (at tribute-arc) parallel to T 
starting at W) at an Indicator which can rtfltct whether tht nrc Is btlng 
activated or not. Tht sat of all thtst Indicators Is calltd tht tt tribute 
analyser . Attribute arcs of tht lowtst degree art directly connected to 

I tht rtceotar ctllt (sensory arcs). At tach aeomtnt ^ tht ntxt avallablt 

>.[ lute-bast (irray **H) Is devoted to rtprtstntatlon 0 f tht scant at t^. 

This 1i done by linking tach antry-rtglsttr mxn (kramlclt ) to Its corrts- 
ponding attribute arc according* to tht exxeentary activation prtstnt In its 

J arc (v«o, no activation* v-1 f nagatlvt activation; and v*l for positive). 

! UK Is defined' as tht toUl ttt of tht exxeentary rtprtstntetlons. 



Whenever a pattern of attributes Is coatjondn exactly K representa- 
tions (e.g. MO) t tht process of Intentional lotion finds K,tht highest 
rank of cemj^txlty. In the attributes composing the pattern. Then the n«xt 
available arc at level h>1 Is devoted to tht pattern (as pattern's 
Intentional arc ). At tht urn t1mt, tht ntxt avallablt lieagt-tmt Is 
devoted to tht pattern as tht Intentional lejaje of the X Images sharing 
tht pat tarn, and Is positively linked to the new Intentional arc. 
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!n sum. HEIKR has 3 win parts ( attribute-arcs . 1mqc- bases . and 
analyzers ). and** primitive processes (activation . M£, Intentlonallaatlon . 
and selective attention ). 

N 14. SOME IMPLICATIONS OF HEIXR 
Ordinarily, HEIKR nay ect at a vldto camera. When your cat. Mutzl, 
1$ In the' scene for j units of tine (4t), the J consecutive snapshots of 
tht scene will Includt his Images. Thtlr tyalt*/ depends on HEIKK's 
previous knowledge: whenever a property. P. Is Incurrtd which has alrtady 
bttn Intentional ized, P*s IntentloneMMge My bt activated (P Is P«rfe 
calved), and 1U attrlbutas wtll ba copied on tht snapshot along tht ^ 
Incpnlng Infometfon. thus. later 1*gt* of Mutzl art likely to bt "richer" 
1n tents of higher-order links. At any rate, tht process of Intentlonalt- 
zatlon starches for 'regularities* of patterns of attributes. If Hutzl's 
tail his been napped K tints In a particular angle, then It Is Intentional* 
1zed, Thus, not only the object Is balng abstracted, but so are Its parts, 
functions, and. features. Hence, KEIKR uses nore or less abstract Inagts 
(of Mutzl), but when needed, nore concrete fntgt* of Mutzl. Ms parts, 
functions, and features are available to support Inferences (e.g. 'Mutzl ■ 
has ears/ can be supported by the link' of *1s Inage to tht Inagt of 
Hutzl's tar) 1 . If Mutzl was shown to MEIXfi always 1n a cage, than 1n 
HEIKfl's nlnd. tht cagt will be an "attribute" of Hutzt. Although tht cagt 
»ay 1itfependantly'be/1ntent1onal1zed, Its "association 11 to Mutzl 1s very 
strong: the pretence of one cause KEIKR to iMgtne the other. Here. then, 
the cap* acU as a synbo for Mutzl. fc>te that the actual presence of 
both Mutzl and the cage Is not necessary. To create temporal corres- 
pondence. H Is enough that the experimenter (Instructor) Mnages tc have 
KEIKR iBiolne (Indirectly activate) the iMge of the cage (by InpllnenU- 
tlon of selective attention aid rehearsal). It Is obvious that If the 
word 'Mutzl' Is substituted 1n place of the cage, It would act as a 
nana. We could continue to elaborate on this exanple and to see the rela- 
tions that can develop between signs and Manlngs. Rather. It stats tluit 
examples cculd be used by the reader to verify the following: 
1 - KEIKR My even visualize the shape, size, and functions of Hutzl's ears.. 

\ 
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Upon exptrlenca, recurrent enough properties of tht scent are abstracted 
Into attributes that "chunk* together several futures. 

Upon activation of an aggregation of attribute area, all tht images 
which share tht pattern nay hi activated (loamoryt aeons by conttnt self- 
ederesslng). If tht a # j r a ott1on Is sensory due to prtsatict of an 
objact Oii rtht direct activation of Its Inaw^lv ^trctptlon . * 
* 

Activation of an 1awgr*ay spread to slarllar image* ( Imagination ). A 
family resemblance 1i trough to ensure spreading activation through a 
whole file of Images (ndjactnt snapshots art locally similar). 

Tht recmrrest Intmntlenmtlimml patttm aright bt a conventional regularity, 
rithtr than rtflact twin orfanliatlon. Thus HE1KR can develop 
*ymsc?t . Itntteeo. ant mathnmatleel concents. Thtrt It no need for 
structural transformations Uurfece-detp). 

In HCIKR* relation* between conctpts may bt tnalyxtd tlthtr by comparing 
thtlr attributes (Intellectual analysis ) on tht attribute analyitr. or 
by cotptrlnf tfm images themselves (experiential analysis ). Th1i mental 
erlentetlon should not bt confuted with tht notions concrete-abstract. 

Tht closer tht attribute* to tht sensory ones the more concrete the Image. 
Tht attributes with higher degree of cooplaxlty art tort abstract In two 
sensas: (1) tht higher attributes "chunk* several data! Is Into fewer 
nuMber of arcs and (2) tech such attribute 1s (sort "remote" from sensory 
ones, detected by receptors. 

The Inttntloaeliutlon 1ndtx Kfcay Indicate the "cast of mind" (Krutatskll, 
1979). Sma1 ler X 1n HCIXK would mean that the subject tends to ganeralt - 
taltons and analytical orlantatlon. Larger K would Maan that tha 
subject tends to Imagtry and c«Kr|eta analysis. 

An unexpected implication of K£iwi Is the extentlon of the proposltional 
theory "down" to the attmrtc proportions (Tarsal, 197?). Now tht truth 



vilue attached to primitive propositions is no longer arbitrary (Woods, 
1975): "snow 1s white" for HE1KR, if the attribute "white" is among the, 
features o* "snow. - / 
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YOUNG ADULTS'- T HIHKING ABOUT RATIONAL NUMBERS 



Edward A. Silver 
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ABSTRACT 



Three written tests of fraction understanding and competence were admin- 
istered to 220 young adults. In addition, 20 subjects participated in 
clinical interviews to probe their understandings and misunderstandings 
about rational numbers. Most of the suqfects had a linked understanding of 
basic concepts associated with rational numbers. Their thinking tended to 
be characterized by rtpresentetional rigidity - a reliance on a single model 
to Interpret fractions. Furthermore, their algorithms for comparison and 
addition of fractions tended to be dissociated from the representations they 
used in interpreting fraction situations. 



It is well-known that nany persons reach adulthood with neither computational 
skill nor with conceptual understanding of rational numbers (cf. , Carpenter, 
Cobum, Reys, 4 Wilson, 197P). The point of view that led to the development 
of this study was that a great deal could be learned by studying the know- 
ledge possessed by young adults who had been exposed to typical school 
instruction in rational numbers. Two particular benefits to the Rational 
Numbers Project were foreseen. By Identifying the understandings and mis- 
understandings of these individuals, useful insights could be gained that 
would guide the Instructional development components of the Rational Number 
Project. Furthermore, the Instructional routines developed in other compo- 
nents of the project could be used with subjects in this study to try and 
correct the misunderstandings. 

In this paper, some of the data Is reported on young adults' thinking about 
basic fraction representations. In order to give a reasonably complete pic- 
ture of the data on which this report 1s based, the methodology will be dis- 
cussed first In some detail. 
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KETHOO 

This study consisted of three parts: written testing, clinical Interviews, 
and Instructional Intervention. Only the first two parts will be discussed 
In this paper. 

Subjects. A total of 161 comnunlty college students, 76 Pen and 85 women, 
and 59 college students, 6 pen and 53 women, volunteered to take the three 
written tests. The community college students had failed an Arithmetic 
Screening Test, consisting largely of whole number and rational number com- 
putation, and they were enrolled in five sections of a Basic Arithmetic 
class. The college students were elementary education majors enrolled In 
two sections of a required course on Number Systems. About 85* of the total 
sample was between the ages of 18 and 24 years old. 

Twenty-nine of the community college subjects and 27 of the college subjects 
volunteered to participate In the rest of the study. Of those volunteers, 
14 community college students and six college students were chosen for clin- 
ical Interviews. The Interview sample consisted of 4 students who had scored 
quite high In the written tests, 6 students whose scores were average, and 
10 students who performed poorly on the tests. The "Interesting" errors made 
by subjects on the written tests were well represented In the Interview sam- 
ple. 

Written Tests. Three multiple-choice written tests were administered 2 : 

1. Assessment of Rational Number Concepts (RNC) — a 60-1tem test that 
focused on basic conceptual understanding of individual fractions 
and ratios, 

2. Assessment of Rational Number Relationships (RNR) — a 56-1tem test 
that focused on comparisons of fractions and ratios, formation of 
equivalent fractions and ratios, ordering of fractions, and pro- 
portions, at.d 

J. Assessment of Rational Number Operations (RNO) — a 35-1tem test 
th^t focused on addition, subtraction, and multiplication of frac- 
tions. . 

o 
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A more complete description of the written tests, Including a discussion of 
the emphasis on translations between nodes of representing rations] numbers, 
is found in Lesh and Hani Hon (Note I). 

Each test was administered to subjects in their classroom groups by their 
regular instructor. Due to scheduling differences between the college and 
community college* - timing of the test administration was different for 
the two groups of subjects. ConaunUy college subjects took each test on a 
different day, and test days were separated by approximate 1 / one wc*k. 
* Cc'lege subjects took the RNC and RNO tests on the first day of testing, then 
took the RXR test approslmately one week later. 

Clinical I nter views, Individual tape-recorded Interviews were conducted with 
each subject. A typical Interview session lasted from 45 to 50 minutes, for 
some subjects a second Interview session of about 20-25 minutes was neces- 
sary. The clinical Interview consisted of a review of selected problems from 
the written tests and the completion of additional task, designed to probe a 
subject's rational number understanding. The total time for the Interview 
varied fro* subject to subject depending on the time taken to complete the 
given tasks or to explain the basis for a response. 

For each subject, problems from the written tests were selected that might 
illuminate the processes the subject used to arrive at an erroneous answer 
(or a correct answer, in some cases) or which might be used as probes of the 
depths of a subject's understanding. In the typical Interview, a subject was 
presented with 6-8 problems from the written tests, asked to solve each prob- 
lem and to explain the basis for the solution, and confronted with discrep- 
ancies between written test answers and Interview solutions. Whenever a dis- 
crepancy occurred a subject was asked to resolve It. During the Interview 
session, the Interviewer remained non-directive until the subject arrived at 
a solution with which she or he felt comfortable, then the Interviewer 
actively probed to determine the underlying ba*1s for the subjects answers. 

In addition to the problems from thp written tests, each subject completed 
several additional tasks designed to probe the subject's understanding. 
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Sorce Interview tasks were developed specifically for this study, and othrr 
tasks were chosen from an Interview protocol developed In another component of 
the Rational Number Project {Landau, Hamilton, & Hoy, Note 2). In some of the 
taski, subjects were Instructed to close their eyes and to describe what they 
*see In their wind's eye" when the interviewer said the name of a fraction or 
a statement about fractions, such as "one-Third plus one-sixth" or "which Is 
larger, three-fifths or five-eighths?". Subjects were encouraged to describe 
the evoked Image In as much datall as possible, using pictorial, physical, 
and/or verbal descriptions. Each subject was also asked, "Is a fraction a 
number?," and was asked to explain fully his or her response. Other tasks 
were chosen on the basis of being appropriate to probe the underlying concep- 



Kuder-Rlchardson reliability estimates for the three tests were acceptably 
high. For the community college sample the reliabilities for RNC, RNR, and 
RNO were 0.96, 0.95, and 0.93; for the college sample, the reliabilities were 
0.84, 0.98, and 0.87, respectively. 

The general performance of the subjects on the written tests Is sunwarized In 
Table 1. The college sample did considerably better than the community 



tua) basis of a subject's behavior. 



RESULTS/DISCUSSION 



TABLE 1 



Mean Performance on Written Tests 



RNC 
(Max « 60) 



RNR 
(Max * 56) 



RNO 
[Hax * 351 



College (N » 591 



52.8 
{ 5.4) 



42.2 
(15.5) 



27.3 
{ 5.6) 



Comnun 1 ty 
College (N * 161) 



41,5 
(14.1) 



33.7 
(13.2) 



18.1 
{ 9.0) 



college sample, t-tests of differences in the Man performance were all sig- 
nificant (£ < .01). Of course, since the community college students were 
enrolled in a Basic Arithmetic class, it is not surprising that they per- 
formed poorly on the written tests; nevertheless. It was heartening to find 
the relatively strong performance (e.g., 88X mean success rate on RNC) of the 
elementary education majors. Since most of the errors were made by community 
college subjects, error rates will be reported only for that population. 

On the RNC Test, performance was better for fraction Items than for ratio 
Items. Ratio errors sometimes Involved reversals (I.e., 12 to 1 instead of 
1 to 12), but they often were associated with perceptual distractors that led 
to a fraction interpretation. For example, in a problem that presented a 
regular pentagonal region, half of which was shaded, and asked for the ratio 
of shaded to unshaded parts, about 54X of the community college subjects 
chose the answer "1 to 2." Interviews revealed that subjects looked at the 
picture and liroedlately -saw » a , M thereby triggering the choice, despite their 
ability to answer some other ratio questions correctly. 

The importance of perceptual distractors was also evident In subjects' 
responses to the following question: 

39. What fraction of the a«t of objects are triangles? 

AAA gas 

6* 1 1 2 

a ' ? °- f c ' I d ' r •■not given 



Less than 40X of the community college sample correctly answered the ques- 
tion, and it apparently generated much confusion. About 20% of the subjects 
chose V as the correct answer. There were two apparent reasons, determined 
in the interviews, for this response. Some subjects apparently viewed the 
triangles as occupying half of a rectangular region that contained the entire 
pictorial display. Their thinking was obviously Influenced by the region 



Interpretation of fraction. Another, though less common, reason for the 
response V was based on a "part-part" ratio Interpretation. Subjects appar- 
ently compared 6 triangles to 12 non-triangles, obtained jp and reduced to 
H- It Is Interesting to note that several of the 1BX of subjects who chose 
the answer "not given," also applied the ratio Interpretation to obtain jjj- • 
but did not recognize or accept the equivalence of S as an answer. 

A "part-part" Interpretation was also apparently associated with some of the 
23X of subjects who chose the answer "|. H Explanations for this answer are 
still being sought through analysis of the Interview and written test 
responses. One subject reported that the circles and squares each took up as 
much space as 3 triangles; thus, the comparison of trUngles to non-triangles 
was 6 to 6. In that analysis, one sees elements of both the region misinter- 
pretation and the "part-part" ratio Interpretation discussed above. For some 
subjects at least, this error represented the confluence of the misunder- 
standing of one Interpretation and the misapplication of another. 

The prevalence of "part-part" ratio Interpretations In this question was 
striking ».^nce_ there had been a very high success rate on earlier problems 
requiring a fraction Interpretation of a-set-of discrete objects. For 
example* the following question was correctly answered by 932 of the com- 
wurlty college sample: 



3* What fraction of thla ploturt if «hadtd? 

r 



The only Other problem that elicited d Urge number of "part-part" inter- 
pretations was one that presented a picture of eight balls - 3 footballs, 2 
tennis balls, and 3 basketballs - and asked, "What fraction of the balls are 
tennis balls?". That problem generated far less confusion than problem 39, 
but 32X of the coawunlty college subjects chose the answer "|" . Interviews 
strongly suggested that the basis for that response was a w part-part M inter- 
pretation. 

Dees (1980) had reported a large percentage of her disadvantaged high school 
sample has Inappropriately applied "part-part" ratio interpretations to frac- 
tion problens Involving descrete objects, and it was not uncoawort for such 
. errors to be made on NAEP items (Carpenter, et al , ig78). Nevertheless, It 
was puzzling that so many students could be successful on items like problem 
3, correctly applying a "part-whole" interpretation, but err on Hem 39 and 
the tennis ball problem, often applying a "part-part" interpretation. The 
interviews provided a plausible, though somewhat surprising, perceptual' 
explanation for these findings. In problem 3, and other problems requiring a 
"part-whole" Interpretation, some of the discrete objects were shaded I For 
many students, the presence of shaded parts apparently triggered an appro- 
priate "part-whole" response - a direct analogue of the shaded portions of a 
geometric region. On the other hand, when no shading was present, as in 
question 39 and the tennis ball problem, the "part-part" ratio rvSponse was 
triggered. 

To test this hypothesis, a variant of problem 3, in which the shaded squares 
were replaced by unshaded circles, was administered to Interviewees. Each 

subject was asked, "What fraction of the set Is squares?". Each interviewee 

o 

who chose an answer of "j" ha£ also missed the tennis balls problem but had 

correctly answered the original version of question 3. Thus, it would appear 

„_that many of the subjects answered questions about basic fraction and ratio 

- * — » 

concepts not on the basts of the question asked but simply on the basis of 

perceptual cues. 

The tendency to respond on the basis of perceptual cues was not confined to 
interviewees who performed poorly on the written tests. Half of the inter- 
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vfewees with middle-range performance on the tests also exhibited the 

' i 
response pattern discussed above. Since there were only a few opportunities 

In the test for these errors to be made, overall "performance was not unduly 

affected by the pe-ctptually-cued errors. \ 

i 

Further Information concerning subjects' thinking about basic fraction repre- 
sentations was obtained from the "Imaging" tasks. When asked to Close their, 
eyes and th*nk about the fraction "three- fourths," 15 6f the 20 Interviewees 
reported a "pie" or circle subdivided Into four congruent parts, with three 
shaded parts. So dominant was this Image of a fraction that 10 of these sub* 
Jects were unable to report t/iy secondary Image when as^ed to "think about 
another way different from the way you first 'saw' It.t As one of the sub- 
jects aptly put it: "i Just keep seeing that pie In four pieces. 1 can't 4 
shake that picture." 

When asked to report their Image for statements of fraction equivalence and 
fraction addition, therlrcular region Image was also the most frequently 
reported. Two aspects of the addition data are worth noting: (1) the nature 
of *he circular region Image for fraction addition and (2) the abandonment of 
the circular region Image by some of the most capable interviewees. 

The right subjects who reported circular region Images for fraction addition 
were almost uniform In their reported Images. For example, for + 
these subjects reportVd two circular regions - one cut into three pieces, 
with one piece shaded, and th» other cut Into six pieces, with one piece 
shaded - and did not report any addition action until asked to do so. When 
asked to "tell what the answer Is," seven of the subjects reported "two-, 
ninths" on the bas<s of counting shaded and unshaded regions. It should be 
npted^tKarTour-of se^i subjects were able to add "| ♦ |" correctly 

when It was presented In that form. Only one of the subjects realized that 
"two-ninths" was not correct but did not know how to resolve the difficulty. 
Her comments are Instructive: "1 guess the pies just don't work for addition. 
Th«y work o.k. In the beginning but Hot at the end." A more complete dis- 
cussion of subject's responses to questions about fraction addition is given 
In Sliver (Note 3). 
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It was interesting to observe that .two of the toost capable interviewees 
shifted frona circular region image, which they had reported for a fraction 
and fraction equivalence, to a Measuring cup" image. These subjects rep- . 
resented * dynamically - the second fractional quantity was added to 
the first by pouring the second amount into the cup containing the first- 
Although the subjects were unable to give a specific reason for t^ir shift to 
the measuring cup Image, they reported feeling more comfortable thinking about 
addition of fractions in that way. Another of the most capable subjects also 
reported the M measur1ng cup" Image, but had dene so consistently from the 
beginning. 

Other information concerning subjects' thinking about rational numbers was 
obtained from tasks in which subjects v,*re asked to explain (use of pictorial 
or physical models was encouraged) the basis for the symbolic algorithms they 
used to compare And to add fractions. The. general finding was that subjects, 
except for the most capable, were unable to give any physical of pictorial 
description that corresponded to the algorithms they used. Even subjects wh6 
could reliably and consistently name the larger of two fractions or find their 
sum, and who used sensible and correct procedures to do so, were unable to 
relate those procedures to pictures or models of circular regions or any other 
model of fraction. A few subjects were able to give a weak explanation based 
on fraction representations, but most were not. On the other hand, the most 
capable subjects were often able to explain their procedures using several * 
different fraction models or Interpretations. The "explanations* that most 
subjects were able to give were simply verbalizations of the steps in the 
algorithm. * * 

It would be hard to argue that the subjects In this study are generally rep- 
resentative of young adults. Nevertheless, their thinking about rational 
numbers improbably representatWe of a sizeable segment of the adult pop- 
ulation. Despite my natural reluctance to overgenerallze, I can't resist the 
temptation *.o Interpret the findi*qs In a fairly general way. , { 

All of the above data (and other data that are not reported here) seem to 
point to the conclusion that most yuung adults have a limited understanding 
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of the concepts and procedures associated with rational lumbers. Host of 
their thinking seems to be bascu on a single model of fraction - the circular 
region - or on no node) at all. Very few of the young aduJts In this study 
were able to give plausible justifications for the procedures they used to 
compute with fractions. He have seen that the reliance on a single nodel led 
many subjects to make perceptually-cued errors In Interpreting fraction and 
ratio situations. Furthermore, we have seen that most of the subject., were 
unable to connect this dominant model to the algorithmic procedures thev use. 

The Instructional Implications of these findings seem to be obvious. Unless 
Instruction provides for both "Internal and external connectedness** among 
fraction representations and procedures, It Is unlikely that much general 
understanding can be attained. Students need an Intensive exposure to a 
varlelyjoXwxfcls f Cr interpreting rational numbers, so that students can 
choose flexibly among alternate models when Interpreting a fraction situation. 
In addition to this "Internal connectedness" among fraction representations, 
Instruction needs to emphasize the basis for algorithmic procedures for com- 
paring and combining fractions with respect to the models a student has 
studied. ^ 

NOTES 

\ This paper was prepared with the support of HSF Grant No. SED79-20591. 
Any opinions, findings, or conclusions expressed herein are those of the 
author and do not necessarily reflect the views of the National Science % 
Foundation. 

7 I would like to thank Verna Adams, Jan Ford, and Sybil Rogert for their 
assistance In collecting the*wr1tten test data. 
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S v HB0MV UNUnSTAHDlHG 
Richard R* S'ke*p, Warwick University 



Abstract ' 

The nature of symbolic undcrs landing Is discuss^, and the 
cany powers which it confers are listed* An explanation is 
offered why many learners fail to achieve symbolic under- 
standing as here defined, and four ways are suggested by 
vhich they may be helped* 

In this paper I offer a furthor contribution to a scries of discussions about the 
nature and varieties of mathematical, understanding which has taken pl.ice over the 
past five years* (5e» bibliography*)! By 1973 aciM categories had been proposed, 
which T subsequently suggest (Skerap^ 1979b) could be re-arranged into a table 
shoeing three kinds of understanding and two modes or mental activity* However, 
as I was aware at tne time, my analysis of formal understanding was incomplete, 
since the words •form' and 'formal* are used with two distinct meanings, of which 
1 onlv dealt with the first, (i) Theve is 'form* *s In 'formal proof* This is 
the meaning used by ftuton (1976). anii 1 have already suggested Cop* clt*) that we 
distinguish this one by calling it 'logical understand ing** (il) There is 'form' 
ss used in tita tenants such as 'This eqjbtion can bo written in tne form 

y • mx ♦ c '* This is the meaning! used by Backhouse (1970), Ud ia alao that 
in the first part oT the definition given by Byers and Heracovicn (I977)i "Formal 
uHers landing Is the ability to connect mathemiticai symbolism and notation with 
relevant mathematical ! ^as 1 now suggest that we dKUn#ilsh this meaning 

by t lllng it \ 

SYMBOLIC, UHDBRSTAfiDIMG* ^ 
Symbolic' here refers to a symbol-system, not to a collection of il sola ted 
nymbols. A symbol system conn Is ts of t a set of symbols, corresponding to a not 
of concepts i together with relations between the symbols corresponding to 
relations between the symbols* (Example' ?, 3 ar© separate symbols* When wo 
write them like this u , we use two relations between these symbols, \onc of size 
iind one of position, which correspond to two relationships between tho^p correspon- 
ding numbers. So here we have two distinct ochetnasi th% symbol oystert, and the 
structure o ( f mnthexi tlcal concepts* Th^lo suggests the pro/loloml formulations 
symbolic understanding is a mutual aoalsulntlon oeUr-en n oymbol system \nl an 
appropria te ( conceptual s true tu re* 
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O ntl> I have been emphasising that thn mhievomert of now understanding ver» 
abilities (Ckemp, lOHO)* So what call we do when wo Hive symbolic understand- 
that we could not ^ befofo?^ The poior of mathematical symbol Isti is a nWcial 
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case of the po^er of language, so we would'* xpect thio power to be great. Here 
are ton functions of symbols (Wre *may bo others) wfilch I listed aoae years ago 
(iikesp, IVM), though without th\n seeing the uae of ayiabola aa conferring a 
different kind of undent Liming because at that time none of tno present aeries 
o iodise unions had taken place. 

1. uwnuim cation* 

?. Recording knowledge. 

5. The formation of new concepts , 

4. Making multiple classification straightforward. 

'j. &plunation. 

o Hiking poaulble reflective activity. 
7. Helping to show structure, 
tf. Making routine manloulatlons automatic. 
*s. Recovering information and understanding. 
10. Creative .Dental activity. 
Pd like briefly to up-date this earlier thinking by connecting it with the new ♦ 
model. Here I suggest that symbol o act as an interface, in two ways: between 
the delta-ones of different people, and ootween delta-one and delta-two in the 
suae portion. firat Interfax make) possible the functions numbered 1, 2, 5, 

^on the liot above, and tho second in»- faco, between delta-one and delta- two, 
^ relates to all the others. (X think there is some overlap.) 

the powers conferred by ^ubollc understanding are traonso, though wo are so 
used to them that we tend to take then for granted. The task of acquiring it is 

a considerable one, and w « easily overlook the achievement of (almost) every 
child in learning to spoak his mother tongue with considerable mastery by the age 
of five. But we cannot overlook the difficulties which many children have in lear- 
ning to understand mathema tical symbolism, lart of tho llfficulty U«s in the fact 
that understand ing the symbols depends on bolng in possossior f the conceptual 
structure. But the conceptual structure has to bs acquired largely by means of 
tho symbol structure (though not exclusively in this way;. So each has to help 
the other to develop, and we need to know how we as teachers can provLdo condi- 
tions which facili tote this* 

There iu j now factor to be taken into account here. In the earlior ai mciyyions 
or unde retarding, wt. were concerned with tho assLmilation of concepts to achomas, 
of uaall entities to largo ones* But now wo are concerned k -ith the mutual usotm- 
ilation of two scheaaa: of two entitles which aro coopurablt in size. A coapar- 
able event in the history of mathematics can be found in the g.-eat achievement of 
Descartes, who laaiailated two major atruLiuro*, gemwtry and algebra, to oaoh 
oUMjr. When so*'* ning like this happens, us well as an Increase of power, there 
is .U«o the possibility of a partnership ,„ which one orgunfoation (in thio case 
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m*>iitil) ilomi ii ti^-t th ,v oth-T* Whether or not Un:; in 1**^ s i r iti I r» nay vary ,r i 
different iii:ilancr»::. ITmk,o |)mr irlea there ha: Ihm»o, il ippoir*; to no, .1 
pro^rr^.Tivr takeover in thn p-irtn^rnhip »»y the ilgebri. Wr cm no* fin I pcnntn 
defined an onWrd pairn, triplet*!, op ii-tnpl« v i of iMinbernj and bookn, wlioae 
titles indnat< th.it they are ibojt gvo*etry , in which. o r ie find*) nothing but 
ilgebra, .in*| not i single drawing, d Ingram, or geometrical figure. 

We rfciy or rfviy not think that this 10 good; and slthoigh I th-tnk 'tynclf that it 
11 not, I lcc^pt Uw opposite is a tenable poo tt ton. But I trust tint none of 
us is happy with • partnership in which the conceptual structure in domtntH t 
by the aymbol nytftoa, and aia theroa tico is littie or nothing toon* than the -vinipu ta- 
il on of nymrxiin. The power and also the beiuty of matheraa 1 1 c3 is in the uleaa. 
."ymholii hHp in to uae this power by helping un to -nike fuller use of thene idem. 
Yet the n I tuition I hive Junt dtfocnt^d is the way it is for .ill too *nauy children. 

Wh^r*< there is inomorphjin» between the two structures, it may mittor little winch 
noe dominates, either in in individual or collectively, fttrl of the success 
mi bomty of algebraic geometry Ilea Li. Jie closeneoo of thin locnorph isn, no 
that each structure helps to increase our unde rotandtng of the other. Put 
b**tworn the oyabol ays tenia and the conceptual structures of mathematics, we 
find locil i -» norphUmn only. Overall there are many inconsistencies. For 
evmpte, the npiti.il relatlonuhip is next on the le ft to 
we ma thren hfferent things in Uiene three c miens 

^ ?h ?i ' 

Another o k jrtplr* Thr orlnred pair of nu-nernln (?, 5) cm oi^ify i ration! 
mifuhop, a point in i pi arm, or a free vrctor. With the first mommp, we idd 
1 ike this. 

> (•% }) * (4 9 '-) ■ (? x 5 t 3 i 4. ) i r .) 

With the <te**ond w.ming, hi* cannot idd it all. 

With the third wining, we idd lik* thin; (?, $) 4 (d, S) + d, 5 ♦ ',) 

(uhtrh in the wiy none children find it more natunl to idd rational numbers). 
And thin In not junt cirelensneos in our choice of nynbol ^yntemn. It in 
inmnpable, bnr nine the iviilable relation^ between ny.nboln ire quite Tew. 
l-eft/righl, up/do^i, big md nmnll (as in Indlcen and nnffixen), bold face 
ind Ug\U (which we cm 'I oponk, o-ity print) - we noon m i oj| of 

them*, the rolatiom betw*»on Tiathe^tirTl incepts which we are trying to 

reprnent are m.my t m l eo it I one to increano in our knowled>n« idvinen. 

Q how em we het p Muldren to build up in inrre islng irirlety of me minfn* fo" 
^J^l^' * %M51 " fy'n , x>lfi' ? \h4 cm we prevent thorn fnw hncomitir prngream vely mon> 
h n ii miBTiPiT i ni i i i i ?rcure in llwip ihiil y to r<.pe with »he Increaning mmbnr, ronplenty, and 
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abatractne3a of Che matheoatical relations they are expected to learn? 

Aa a help towarda answering thin equation, 1 would like to introduce another 
part of «ny ©ode I. Thia ia baaed on thy weU-known phenomenon of reuonance. 
"fne atu-ting point ia to auppoae that conceptualised memories are 
stored within tuned structures which, when caused to vibrato, give 
rise to coaplex wave pat turns. ... Sensory input which matches one 
of those wave pat tenia r«3onatea with the corresponding tuned structure, 
or poaaibly u*//eral utructurea together, and thereby sets up the 
particular wave pattern of a certain concepts." (Skeap, 1979a) 

A schema, being a conceptual structure atored in "«aory, thua correapond3 
(in thia model) to a particular, complex, tuned at ucture. We al\ have many 
of these, and sensory input will be interpreted in tenia of whichever one of 
theue resonate with what is coming in. What is more, for different people, 
different atructurea may bo activated - caused to vibrate - in this way by the 
aa** input. Even for the same person and the aarae input, different atructurea 
«ay4«/ apt i Va tod at different times. Thua 'field' will cause different vibra- 
tisna according aa the achcmaa witn which it resonatea are mathematical, electro- 
magnetic, faraifj^, academic, or cricket. Whichever aoheaa resonatea moat 
easily will attru( t the input . 

In the caue we are diucuuaing, there are two contendere; the ayubol ayitou» and 
the conceptual utmcture. 

•yabol ^ sense 

system 7 organs 



V A 



conceptual 
structure 

iiima, co.wuunication is by the utterance of oyiiDOla, all communication whether 
vorbal or written firut goeu into a aymbol ayatea. To be underutood rolat ionally , 
it nuat be attracted to an appropriate conceptual otructure. Wiiat ii aore, the 
input wuat be interpreted in t-rma of the relationohipo within the conceptual 
atnmture, rather than those of the symbol ayatea. (tikaaples W aiuat be mter- 
pevt.-d, not u a mi.teaa.un of tlnv, uinglo-digit mubrru, but au a single number 
fori* >J by the aaii *> x !<>' ♦ / x lo » .'.) 
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Hun requires (i) that the concoptuil at rue re in .1 stroager .ittmctor thin 
the symbol sy.atcm' (ii) that the coaurctiois botwo >i tho symbol oyntom .ind the 
conceptual structure are strong enough for tho input to go easily fron the 
first to tho socond. 

Hov cm we help this to happen 7 I have four sugj'ostions to offer* briefly, 
for each could usefully he expanded into a chapter of a book. 

(i) tfe have noted that the symbol syntem has 1 built-in advantage, that .ill 
comuntcationn necessarily go there first. A-,d Tor the conceptual structure, 
i*» 10 a point of i«n return. In the yo.irn long process of Jearning mathe- 
Tvatlco, IT those conceptual structures are not formed early on, they will 
riover g»?t tlie chance to deyelop as at trie tors. The effort to «*ind so'* Kind 
of regularity in strong. If the conceptual structure is absent or wfak, the 
Input will be inn I ml In tod to the symbol system. But this guaranteed problems, 
for wo h-ave soon that the symbol cyntem is inconsistent. Learning *k this lovol 
may bo oasy short-tor*, but It becomes laponrlhly difficult long-term* in 
contrast, the* conceptual structure 10 (or should bo) internally conn latent. 
Of ill nubjecta, re In t total mathematics is ono or the roost Intemally^conslstent 
and coherent, no long-tna it is much easier to learn and rota in. Co part of 
th" mswor is that by careful analyst of tho mathematical coiceptn, we must 
o» qn«riCf» M^rr, il in ouch a way that new material is presented which can alwayn 
bo innimllat»d conce p t i.ly fc (!$oe SVomp, 19 M, Captor ? \ }.) 

Oi) Knpecially in tho early yearn, wo cm work fire* with physical embodiments 
of r\ithom.it 1 cal concoptn and ict»vjt»on, no that tho sensory input go«n first 
to tho conroptinl ntritcture nn.i in thoti connected with » tn symbolic reprorionta-. 



(in) Aram piperi.il ly in thbso a 1 1- important n lir ly yoarrt, I think that we shouW 
ntay with spokon language mien longer. Rocontly I r.imo upon a nico quotation 
fr Jirtrr. "On parle dans sa propro languo, o»i ocri t on languo otranfloro." 
( 'irtrn, 1*d). Th*' ronnortlonn between thodfditn ind npokon words are Initially 
murh ntrongtM nun tbmo betw«>ni, thoughts and writton wordn or ma thonwi 1 1 c, 1 1 
ojvMri. f^j>oken word a are a I no much quicker and easier to produce. Ik? in tho 
f lrly years, w.< nood to re.nnt ^ron.iuros to have • no-no th 1 rig to ahow* in th« Torm 
of pagon of wri tten work* 

O iv) fTome not itionn, nuch ♦? the urn- of pann th**n'*s to denote the order of 
I\|C P cr,llo;ia » rnj - oeon to arise out of the n Pe dn of a situation, (tt.g. 

' _ — L&x 
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(v) iliuilil u.k ti mai t lottal , informal, notations jj bri<lgej to the furui.il, 

lazily LOi>U..i.' . MOtitiot*ot •Mtuhliuhid itatheuatic j. By .allowing children 
to ctxj»icJj Uiojyhtt, in lht*r own w.iyu to bu{;in with, Wv are ujin^ j/i*t^l» 
alrei.iy trel I- itto£huJ tu their conceptual atiat.ture # 11. ^jc way a Will probably 
be lengthy, aabiguoud, and dil'Urent between individualo. Uy experience of 
theje liaadvantagva, and by duiusaion, children may be led gradually U the 
auo ol convention il notation in juch a wjy ttut they experience i to ce-nvuttence 
and power. 

UONlHJSJION 

In the light of the iorv^omg J; Jcua lion, 1 offer the following revueu fonn- 

ulitioa* ft 

Symbolic understanding m j nutual adJ Initiation between a uymtol uyatuw 
md j coii.opta.il structure, Jo.&tn.ited by the conceptual structure . 

iiyjitoltJ -<rc magiu f icu.L JwrvontJi but bad JmoUrtJ, because by thewelvea they 

don't understand whaL they are doing. 

&K.k>w» v , .!. K. {!'.»/ ')* lhfHl«raLuuliiiif ^cl.jol HatheoiaMco - A Coawoitt, 
Mathematical Teachin g o. "62 

ifuxto.i, b. u. ftjur'bevtld of Undorutandmg, ftithuaatica in School tt t 

(October, W/ci. 

> 

Ir/t-rd, V. iii.l lleracovica, H. Understanding School Mutherftaticu, 

Mithcmtical Teaching no. HI. 

hieian, K. (\)l>)i *Vhi Idrun'u jporatio»ial Thinking within the Content ot 
Urackutintf ami the Order of Operation.)"* rroceotlni^ ol 
Th«« International (inmp for the I'aycholorfy of rtuthcfojticj 
tvduc itio'i, Third Annual Conference. 

.lartre, J<aa-l'aul ( 1*> »4 ) J 1*8.4 . W o t S Oalliinard, France. 

.Ae«}i c U. ii. t U/l)i Tii- Ijyihoio^y of l,o.ir.iin# Mathitua 1 m t CMptcru t h, 
I en^im, II inixmduwortl;. 

..knuo, i». Ii. (|j/o); iulatioul llii.hjrat.ifi>!!..,, ind lnjtrumnt.il Understanding, 

Math* 10.1 Liu il TtMChing ito# //, (He-printed in tho An timetic 

li-'jil'- 1 .! ' • '-•'») 
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EARLY ADOLESCENTS' ATTITUDES TOWARD 
MATHEMATICS: FINDINGS FROM URBAN SCHOOLS 

Elizabeth K Stage. Steven Pub*. ot*t Robert Kartfus 

Mathematical Reasoning Improvement St-dy and 
Group in Science md Mathematics Eduction 
Lawrence Hall of Science 
University of California, 
Berkeley. CA 94720 



Altitude* towards mathcmUtcs were assessed u«ng a questionnaire and 
an interview Eighth graders tn three urban schools were found lo have 
generally positive attitudes towards mathematics. Then perceptions of 
what it lakes to do well in ma therm tics included more behavioral 
responses (c g. listen to the teacher*) tljan intellectual responses (e g 
'understand Ihe material*), however, and this was particularly evident at 
the school where fewest students demonstrated proportional reasoning , 
There were few sex differences in attitudes towards mathematics and 
none in performance 



Investigation of attitudes towards mathematics has been » source of concern to researchers for 
many years, despite the difficulties pointed out recently by Kutm (5910) in a review of the research, 
lie notes that mere *tc many possible explanation* for the Uck of decisive statements about attitudes, 
including ihe problems of validly and reliably measuring attitudes, the many influences on mathematics 
attitudes, Ihe many influences on mathematics achievement, and so on On balance, the research in 
this area ts sustained by the strong sentiment imong mathematics educatora I hat attitudes are prob. My 
important pomis of intervention if only we understood them belter Further interest in altitudes is gen- 
erated by of studies of sex differences in mathematics thai generally And sex differences in mathematics, 
achievement only in conjunction with sex differences in mathematics attitudes <c g Fcnncma and Sher- 
man, 1971). 

Promising results in sex difference studies have been obtained when investigators have used 
separate scales that test such components of attitude *s enjoyment, valuing, and confidence in 
mathematics separately, (Fennema * Sherman, I9?S; Sherman, 1910; Unit A Smith, 1911) Given 
the measurement problems of relying exclusively on paper and pencil surveys, it is also advisable to 
examine attitudes with more than one instrument. Interviews, observations, and projective techniques 
have been suggested as alternatives (Kulm, I9t0> and have been used with some success (e g Wolleat 
et al , 1910) Thus, a was the purpose of this study to examine the relationship between achievement 
in a particular area of mathematics, proportional reasoning, and altitudes toward mathematics, using a 
differentiated construct of attitude and two altitude measures. 



Two altitude measures were used in this study-a questionnaire and an interview Both were 
based on previous work (Stage. Karplus, * Pulos. 19S0), revised to strengthen the autcales 

The Mathematics Altitude Survey 2 (MAS2) is presented u Table I It is a 25 item questionnare 
wiih a four poini Likert scale (*zm 'disagree a lot* to 'agree a lot * The Hems constitute four categories 
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Teble 1. Mathematics Attitude Survey (n-422) 



Mean S.D. 

Statement * on 0 *-point acelc 

where 1 - dinajtree a lot 
4 * agree a lot) 



1. I Hke to do math purxlee. E { 3.15 ' .82 

2. I think I could do well In more advanced cleeeee. p 2.76 .90 

3. Moat Jobe require ion math. H 3. 60 .70 
(4.) I will atop teklng with as ■oon ■■ I cm. 0 1.49 .90 

i. Pitying Mth gamee Is fun. fi 3.20 .89 

O.) You have to be euper smart to Item nsth. C 1.50 *.84 

7. I will need math to do well In echool. If 3.52 .76 

(8.) I vlxh math wsren*t so Important. 0 2.08 1.10 
9. Ones I atari working on a rath puxxle, I find it herd 

to atop. E , 2.51 1.02 
(10.) No matter how hard I study, I will get low gradee 

Inwth. C „ 1.62 .89 

11. Knowing math helpe.me In many waye. C » 3.70 .64 

(12.) Math makee me nervous. 0 * 1.85 .94 

13. Hs^h Is my favorite eubject. E 2.61 1.06 

(14,.) Tou need to have e good memory to be good in math. C 2.67 1.00 

15. I uae math outside of echool . M 3.39 ,8b 

(16.) Math le e lot of rulee for numbere. 0 3.22 .93 

(17.) I think math. is boring. K 1.89 .95 

18. Math is eeny fir me. C tv 2.74 .84 

19. I will n«*d math for my future work. N 3.58 .76 

20. I think math la fun. E 2.99 .88 

21. I think everyone can laern math. C 3.64 .70 
(22.) After I flnlah echool I cen forget about math. N 1.37 .78 
(23.) I wlah I were amarter In amth. 0 3.41 .86 

24 % I like, math claaaes. I 3.00 .87 

25. I can do well In math If I want to. C 3.50 .80 

^ 

B - enjoy, C - confident, N - need, 0 - other 
( ) - negatively worded items 
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N, need mathematics, I, enjoy mathematics, (, feel confident tn mlihemaites, and O, other items of 
interest lo the investigators fhc MAS 2 was administered m classroom groups 44 p4rt of a 45 minute 
battery of paper 4ml pencil tasks for this research program 

The student interview contained general questions about school 4nd was administered tndiviuV 
ally, 4t the beginning of 4 40 minute interview thai included the lemonade puule, 4 proportional rea 
toning task (K4rplus, Polos, & Sugc, 1981) The interviewer's interest in mathematics- was not 
revealed lo the subject*. 4J> I hey were 4sked what their fayocne and least favorite parts of school are* 
which of their academic subjects ihcy like best and least, jo best and worst in. work hardest and least 
turd in. what they think 11 lakes to do well in bngJtsh and in mathematics, whether tt matters il they 
gel good grades in school and why, and what ihcy do after*sf hool t 

The subjects »lur this study were* the 230 students in three urban schools described tn Karplus. 
Puios and Stage (I9UIJ who iumpleted the lemonade po k% and the two attitude measures h>r the 
MAS2, data are reported for these students and iheir ilaumaie* f«v— 422) who look ihe paoer and pen 
cil portion of the battery 

RESULTS AND DISCUSSION 

Mathe'malRS Aunmles Su r vejr 

The responses to Ihe MAS2 o/e retried in Table 1, which shows thai students' alliludes towards 
mathematics art generally positive Students are in strong agreement with statements that 'Knowing 
} ma lb helps me in many ways," and "I think everyone can learn main " Similarly, they are in strong 
' disagreement wit^ihe statements, "After I hnish school 1 can forget abool math," and 'You have to.be 
>uper smart 10 learn main " These positive findings for eighth graders are in agrcenteni with Ihe 
National \>%essmeni for Educational Progress findings for 1 3 year olds (Carpenter, el al , 1980) 

Analysts oi variance found only two items, on which there were sex differences thai were 
Mgnihcaniiy different al ihe 01 level or less, items #9 and #25, on w^hich ihe girls' responses were 
more positive than the boys There were also iwo items, #6 and #14. on which there were differences 
among Ihe three schools thai were significant at ihe 01 level, however, ihe order on those items was 
different 

" Of particular mieresl on ihe MAi»2 was Ihe relationship ami , subscates-Nced, l.njoy. 
( unlkicnl to see il the, repUalctJ the hndmi of a Gutlman scale (Sluge, Pulos, A Karplus, 1911) 
Using W% as a criterion, subjects were categorized as 'heeding math" if ihey agreed with 4 ol the 5 
needing statements, "enjoying main" if they agreed with 6 of the 7 enjoyment statements, and "leeling 
..onlidenr is ihey agreed with 6 of ihe i confidence statements We replicaiect our earlier result from a 
substantially different school population thai needing precedes enjoying, enjoying precedes confidence 
The scale had a cocfltcient of reproducibility of 92, indicating a valid scale, and a coefficient ol sTolabtl 
itv of 73, indicating ihal ihe scale is un dimensional and cumulative Forthcr discossion will report 
sludenis' responses lo ihe MAS2 in terms of Ihe subscalc scores 
^-h(K)l Ami udes Inte rview 

The response 10 (he school attitudes interview is reported in Table 2 * Il shows Ihal students have 
iairly positive aililodo towards mathematics, particularly in comparison with other school subjects 
truiiy eight percent ol the >iudenls volunteered mathematics as Ihe subject that ihey like best, 36% of 
them uportcd thai ihcy do best in math, and 55% reported ihal Ihey work Ihe hardest in math The 
comparable figures for r-nglishafc S%, 211%, and 18%, respectively 

Using a ( hi Mjuari lest, there were only three questions on which ihe Ihe distributions of ihe 
fo|M<nscs were ngmftcantly different at p< 01 by set boys enjoy physical education more than girls do 
ti$% to 21%). boys play snorts alter school more than girls do (54% 10 26%). and girls are more likely 
10 mention doing their homework spontaneously Ul% 10 73%) Theic were several Hems on whuh the 
. loporiics differed by schi>»>l howcvci Most prominent were ttiose Ihal occurred on Ihe questions 
"What <lo you think il lake's lo do well in main* 1 " and "What do yoo think il lakes lo du well in 
togl»h** The iesoiis jic upoitcd 111 fable 1 where ihe students' lirst and second open ended replies 
were caiegon^cd as abilities leg brains, being smart), menial skills (eg know how 10 add well) and 
behavior <* g do your homework, listen to the teacher) 
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Table 2. School Attitude 


Interview (H« 


•2 30) (percent a*ea) 


Favor 


lte part of the achool day 


Leaat Favorite Not Mentioned 


t 

Favor 1 te 




Social 


0 


82 


ia 




f'hysiotl Education 


11 


60 


29 




Nonacadenlc Subject 


5 


02 


1 1 


Co*p« 


rlton of arndenlr aubjecta 


Least/Uorat 
Part of Day 


Not Mentioned 


Moat/Best 
Part of Day 




\ 9 * 








Like «ath 


20 


32 


4* 


-* 


Perfon«\tn aath 


26 


3B 


16 




Work In With 


9 


36 


55 




Like En*liah 


8B 


7 


5 




Per for* in Engl lah 


22 


50 


28 




Kork In Ehftllah 


18 


64 


IB 




1.1 Ve otner. nubject 


50 


40 


10 




•Perform in' 1 other 


39 


40 


21 




Work In other 


51 


12 


15 


Willi t 


due* It take to\do veil In 


Ability 


Rental Skill* 


Ofhavlor _ 




Engllah, flr\rt answer 


26 


19 


55 




RnjclUh, second a nave r 


25 


IB 






Math, first nnaver 


AO 


9 


52 




Math, second annwer 


12 


4 


64 


Doea 


It utter If you jet good trade*? Yea 95X 


No 5X 




Why? 


Other people, 161; Hy own reaaona, 181; To 


achieve a goal , 46Z 


UTuit 


do you do after achool? 

t 


Mentioned 


Merit loned 


"Do not Do 




Spontaneously 


After a Probe 






7/ 


21 


2 




Housework \ 


12 


51 


17 




Work at a )oh 


11 


16 


73 




Piny aports \ 


41 


36 


23 




Piny jsmaea t 


42 


40 


18 




Play mimical lnatru»ent 


67 


25 






"etch TV 


10 


3R 


. 52 




Rend 


21 


62 


17 




Llnten to ntta-lc <. 


11 


71 


, 18 ' 




Be vlth friends \ 


24 


47 


m 29 




Hobby 


1 


42 


55 




Other 


11 


8 


61 
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Table J. Kaaponata CO that Queation 
"Vtiat does it take to Jo well In...?" (percentage*) 



Question 



School A 
n-101 



Rngliah, first anaver 

ability 
aental aklll 
tx-'lmvior 

English , neconj answer 

ability 
aental skill 

behavior 

Matheauil lea , Tirat artewef 

ability" 
aent.il akill 
behavior 

Malheatatlca , second answer 

ability 
scntal akill 
behavior 



3) 
12 
55 



10 
13 
57 



42 
6 
52 



19 
3 
5J 



School 0 
n-58 



16 

34 
50 



20 
34 
46 



43 
19 
38 



40 
3 
57 



School C 
n-70 



26 
17 
57 



24 
10 
66 



34 
4 
62 



15 
5 
80 



1'hcre are some differences «n the responses by school to the English question, bul ihc prom 
mence of the 'behavior response by student* from School C is particularly evident in rnalhemalics. an 
average of 71% of their ansarerc. * 
Relationships aroona the attitude measures 

From the MAS 2. there are three subvcales (Need. Enjoy. Confident) jjnjl a composite scale score 
(From 0 to J. one point Tor each or the subsumes) From the interview there are composite variables 
that represent likifwj mathematics (Like), performing well m mathematics (Perform), ami working hard 
in mathematics (Work) The relationships among the questionnaire and interview variables, arcshown 
in Table together with the scores for proportional reasoning from the lemonade purdes (Kxjy*. 
Pulcts** Sfage. lVg|) The lompctcnce store (0.1) indoles whether or not (he student used propor 
iM>iul reasoning on any purrle in the *et of eight The performance score (0.1) indicate* the extent to 
which the student used proportional reascning oh the puzzles* / 

\ Of the MAS2 jubscale*. Confidence is the most lonsttuent^corre^c, both with other affective 
variables and with perlormarKC Of the interview variables. Like and ?erform ire stronger correlates 
with oihcr affettivc vnubles than Work is*toal interview variables show to* correlations with per 
fornunce It is interesting to note that affective variables were more sirongly related to performance 
than to competence, repealing results from a different population (Stage. Ka'plus. a\ Pulos. WHO) 

There is only one sigrjfkanl correlation with the school varubte. indicating that the students from 
School r are less uw«ir« of the need for mathematics llwn siudents from School u and A There are'no 
wgrsil 1 4iit correlations with sea 
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Teble 4. Correlation* Atoor Affective and Achievement Variableo 





* 

Proa MAS 2 




Proa Interview 


Proa 
Lemonade Puttlen 


School 


Sex 


Enjoy <j onfl - 
J 7 dence 


MAS 2 


Like 


Perforn Work 


Compe- 
tence 


Perform- 
ance 


Proa HAS 2 




















Need 


.16 .27 


.55 


.02 


.08 




.06~- 


.13 




705» 


Enjoy 


.35 


.78 


.34 


.24 


-.09 


.03 


.20 


.04 


.09 


Confidence 




.78 


.30 


.24 


.02 


.08 


.27 


-.12 - 


.03 


MAS 2 






-*34 


.28 


-.02 


.07 


.28 


-.10 


.02 


Prom Interview 




















Like 








.51 


a06 


-.03 


.13, 


.13 


.04 


Per/ore 










~.00 


-.16 


.oa 


.13 


.04 


Work 












.04 


-.04 


.09 


.07 



n-210; r-.15, p<.05 f ordered A.B.C 
r«.lB, p<.01 i ordered M.f 



School and sex differences In attitude and achieveme nt 

As reported in the companion poper (Karptus, Puloj. A Stage. 1911) (here were no sex 
differences In the use of proportions! reasoning. There were aho no substantial sex differences In atti- 
tudes towards mathematics. 

There were substantia) scfooi differences In proportional reasoning; students In School A used 
proportional reasoning Yore frequently then students In School B. students Ir. School B used propor- 
tional reasoning more rfequentiy than students In School C These performance differences are, to a 
Hmlied extent, reflected in the students* responses to the attitude measures. Students In School C 
report that good'heluvio r, rather than skill or ability. Is required for success in mathematics" Althoufh 
they like mathematics* they are also less likely to see the need for mathematk* than students in 
Schools 8 and A. \ , 

CONCLUSIONS y 

An earlier study of sixth* and eighth graders from a middJe*cUss, suburban school wtth an ethni- 
cally mixed population (Stage. Pules, A Karplus, Wll) tud found generally favorable attitudes towards 
mathematics and a Outtman scale of need, enjoyment, and coLftricnct These results were replicated 
with eighth graders from three lower-class, urban schools with, high mlnoiity enrollments School 
differences In attitudes towards mathematics were not strong but they were consistent with performanre 
differences in propor'lona 1 reasoning. 

Acknowledgements. This study has benefited from the assistance of Laurie Bowers and Demse 
Berr>essa in the gathering and scoring of the data. We are grateful to the participating students and 
faculty of the Oakland. CA. public schools for their cooperation. The research was supported in part by 
the National Science Foundation under Grant No 7911962 Any opinions, findings, and conclusions 
expressed (his report ire those of the authors and do not necessarily reflect the views of the National 
Science Foundation. 
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Algebra has traditionally bee^ the mathematics course in which success or 
failure determines whether a student can^fcp on to higher level mathematics 
i nurses or in forever limited to a Knowledge of basic arithmetic. Data 
from the serond National Assessment of Educational Progress in ma thorn* t los 
.0.">w that only one-half of the 17-year-olds in .the sample took coui in 
mathemaU« s b**/C"d »he l*vel elem«»nt^ry Algebra. Kany factors contri- 
bute to this -statistic, but one significant factor must be the difficulty 
students have In learning algebra. 

MATHEMATICAL CONTENT or ALGEBRA 

The content of elementary algebra appears, for the most part, in one of 
two forms in expressions (combining or simplifying terms, operation*; on 
polynomials, operations on rational expressions, etc.) or in equations 
(solving equations and inequalities, graphing of funrtions, sowing sys- 
tems of equ.it ions, etc.), Both of these forms re"ly upon the use of 
variables (literal symbols, x, y_, z, ...) for their written expression. 

Virjables. Intwral variable symbols play a multitude of roles in algebra 
ir»d ne referred to in as many different ways - ar. unknowns, general i rod 
numbers, lnd»termlnates, Independent variables, dependent variables, 
constants* ! ), parameters, and so forth. Kuchemarfn (1978) lias doveloped 
a 'taxonomy of ^ix different uses for variables, and Tonnessen (19R0) has 
Invent l>sat*vt . ollege students* understand ing of variables. Wagher (1977, 
19Mb) studied middle school and high school students* ability to conserve 
equation and function under transformations of variable. 

An analytical franewor* that has recently been develbped (Wagner, 19«la) 
la useful^ in guiding the formulation of questions to use ii investigating 
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the Intel a* t 1« i t>ftwii;ii > t ii t . * interpretatiens of the role;* uf variables 
and thi: i i dbiUty to wuik with t ii. the contexts of expressions and 
e>|ui tioii±». A decpti iu-lgla into students' uftderbtdiulint of vai iabies nvty 
eventually wU&£e.a alternative teachi „ strategies, i>uv.h as that iceently 
developed by llei^covi .s and Kieran (i^bO). 

t ^t y.. .Ui U . and e.4uat mil., . Ait te,»eareh relate d to a lochia dt'al-* directly* 
of trnjilo tly, With t.xt'lt^.. u>tt * ot rquat ion*. . Host recent iceai'ih has 
focused pi inui ily on e-ijua 1 1 v>i (J or iuint.oiis. However, Kudilin (i'JHO, t'JBl ) 
ha,. oiiJu'itJ a audy tliat focii^t a almost efititely on i>olynomi ii , ration«il t 
iitvi , itlii.ll cxi »u»n., . lit. found that above-average aigebiu .audeiiU* nuke 
the -d«# typ. ' of iiix>Ij whcik working on taaks that are difficult foi them 
u- otlui il|>f|>ia ..tmJeiiU liiukt oil iwoi'e [in. tide problems. 

A t«.w .audit ., notably Uavi*, Joeku-ch, and HcKuight (1978) aiul Matz (1^7*1), 

Uw* tiKiiiitit'l |kii M* ulai poiiito of confusion between expression., an J 

ipMtim, md I iv»' {.i 'jj*o.»t 0 yjy*> of accounting for them, lor example, Matz 

Ii jt in^iii ^lit , two u.« „ of the equal* sign (-) in algebra, one as a relation 

-lyi in in • pi.it ion and one do a olgn of equivalence between expresbio^, in 

a * n.jin »»i i edm turn.. the Mii.il> of opeiutaoiio thai ua jf t 'i^(u iote :u e«tt. 

• .i .o an vt i y di fit lent, but students are rarely coiisvioui. of the distiiu- 

tnai b< twi < ii tht two use.* ot the equals sign. Davis, meanwhile, speak.* u| 

vi.**ijlly <uud<*f at«*d queue us and the effect tliat the appearance of an al^c- 

t 

bi^it toim ha - on the .student's detenainat ion of the appropriate next .aep 
in i pitd>ltm. rutting Hit- idea- of tAavi: and hatz together pixjvides a 
pi an' lb it i X| I jiMtiwii foi student »' continuing confti..ioil bctWcjti >»p«tution:> 
on latioual t xpi i ,i*,n,» and .tlvin^ taiional equations. That i», whin tin 
audita « oiupleti j the tit »t ..up in adding two rational i x|>i cs ions and 
wlitc.i "-" in the >«.nu« ->t npii Valt ft t expression.*, the result look,, the same 
a, i rational equation, .o the ^Julfttt nay thrli ioUow a visually iterated 
*.cqu« in c md be£ii< leal th» ifft-itlon of f I uc t iuus ," completely turret - 
tm ( , th.it the oii^inil pixdjlcm wa- siroj ly to torobinc teimi> ami .»impllfy. 

1 Ii i . 'Mot, md uf In is lik.' it, in all too familial to any «il^"bi.« ttaiher, 
hut until tin 1 ' 'in i ol »i« h finji > i an b< bctt«i idni t i t it »• di.ti- 

vult t** impi\>v> tin- tt.nhint' ot al^'bra so ai to enlkimt' audi tit >' unJt i - 



*t<trit1 inp . Having .tnd^nt.s ^olvo problem:, jnvolvjnp pxpr* 1 '.* ions and p<|ii<iti<>ii 
th.it ir<« pthposi'ly similar i« form may h"lp hi iu> ntifyirip part i* <il<ir I<-.itu- 
in/ diff i< uHi^. is-^or i,itod with the;:^ forms. 

p^YcitouonicAL procf..w> in ixarhinc AinrnpA 

Th*» learning nf jl^bra. boyond the level of rote nwimri7-ition of formulas 
md al#u it huts, cm regarded as a V im) of pi-obl^ n-sol vinp. process. I. von 
th*' applii it ion of fornulas. to "rout in*'" textbook ex»r>Mvr«; involve*; soir** 
Ji^rnc of i nd>l*»m-sol vinp, activity on the |>art o* most student:*, at b'ast 
fur .1 whilo. Thus, ono approach to the- invr.tip.at ion of Ir.iminp. diffi- u|- 
ti", in ilf.ohr.i is to use certain well established probl pm-^ol vinp. pro< r«; 
to j»ui.to rho tnlM.il s^t^rnon of interview tasks. TVo basic problom- 
sotvinp, pm» *sr>«*s idontifi»-d by KiutotsVii (|l7f. ) in hii. modni of them.it i- 
<al abilities are tlio;.* of p,nn«ir»3l i 7*1 1 i*»n .«id reversibility 

'>_ne r_ciH za X ion . Prut^tski 1 lonsidrrort thn ability to p.rn«Mrj| I 7* irwithnmat U .1 
nvtt«*rtal t*» oper-ito on two l#vel.s: ' 

a) H>o ibility to so#» something p.^n'Til and kn^un in wh.it is 
p.irti< ular and concrete (subsuminp. a particular tinder 
» known f.on#»ral concept), and 

b) th^ ability to s^** southing general and still unknown in 
wb.it i«. isolate and particular Meduc tup. 'he >»nm»r. I fmni 
particular >sp«? % to form n ronropt). (p. ?37) 

The Hrst «>f thosp lovrls has boon clwiract^ri/^d by Di*Mie*; (nf/i) a**, an 

"Xt^mi-in of an already- formed (lass. Thin not inn of p.enera! i rat ion i r > 

• "WnfiHiy^rdnc te*l in tb»« nrder* 1 *! serjj&s-of ■ Cx^r* ism (oinid in most nutlm- 

*viti> i«xt5, in jwhi*^r 1nrr*f».i<; inp.ly mnj^ rompl ir.itrvj nxtonsbnis <»f a f*»rm 

-trr« "mTi«lo . r,t.ir|«*«| vqurnces of problems within a topir <md similai forms 

'jf problems -u ros"; topics can he usnd to rn^.v ure this .v. port of p.^nera 1 1 7 inp 

Kt tit#-t jH i ' . .iv nn,! »»»v»«l »»f the ability to geii»tvil izr ma themat ioa^ materia I 
i* 1 l«»so| 4 1 I » r nd to hi on OK 1 i^of ini t ion of ah'st mrtion -ts "rri^^f** of 
< lasr forfTwi^iuii. This asp*»< t of the ability to general i 7.^ .ilp.ehrair |d*»as 
r^n b* 4 n>oi^nrrO! by various kinds of conmpt attainment tasks, snrb as ron- 
sei«v.it !'«n t.nkn. ^ortinp tasks, and tr?plot comp,irison tasks. 
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Kevir-sitii 1 t y. hitdkli (Ijuj) considers* reversibility an t^cential dnti- 

tude fci the tormdUon ol dlgtbidi«- content b. He defines the babi<. concept 

ot reversibility ds follow* : m J 

By reversible (two-way) dSbOcidt ioiib (and series ot associations) 
wt-Di-Jii llioic associations in which the thought or realization ot 
the aci und element (or ot the last element) evokes the th "light or 
realization ot the first element (p. 51) 

tnhilder md Pi«iget (191*6) distinguish between two lortfu, <>i i t. versibi 1 1 ly - 

negation (or mvuii>i^.i) jnd .A>Bij,t<i.sdtiou (or inroi * t / i. Negation luwr^o 

-in >.>t.i!.jt ion by "uiuioiug" it. l'owij<tiud t ion reverses jii operation by living 

it alunu jiul i*n„ ellii.g Us ettuct. 

- jIii^ (iV/*^, l*J7»il» ) lui^ iiw^t igattd students* ability to apply !<.v>yrsi- 

bility in tin onhxt oi liii<di equations with a ^in^l c nn:»iin t tein. Iluw- 

e'<i, "oKj.lett i<.ver»ihilit> ot addition in an expression or the Ivrm- 

± ' \L " £ »i l*"> r * , t*-- three possible variations: uiie in wtii< h k. and d 

— — t 

tn Known, >im in whi,h ^ jnd b art. known, and out* in which e is known ijut 
ii'itbei » in- 1 i, i, given Tht^tj three variations can be used to invest i fr. if 
.tin!, m.' ability io aonl/ n-vw-ibility in the context or nolynonna! and 
rational txj.it ..ion,, i„ well j t simple linear equations. 



HU»»Of)OUn,Y 

With ill it inhtieiit i I mi tdl ions, tip ilmhdl auniMdi h io generally 

!•■ ^ni£i d by nvithunut lis edouJtors ds the bcr available methoilology for ' 

mvc ,t if it .*itj ifitHriuli.L.'d oneidt i.'ns oi thought. Ihv Soviet .ii.< « rta in iiig 

uxjirii»Ki»t may he t*4»fcially il>« tul tor investigating learning <ii II it til t i«n. 

in algt-bra U-udioc. 

i) Iht um ol thinking alou/1 |ao* edur* mixed with rt tiv-ii.ect ion 
through (Incited «|m .tuaiirif, |j|<ovides traces ol thought not 
tv.iil.thl. tbi-ough i'i|*i diid-neiicil means. Written U..tb |tivvi«lt 
^nanjiots ul tl«* -,tu«I- nt*. thinking process. Verbal protocols 

also |»ivvnJ» >.nn A*i\ », but the intervals between pictures are 
»>» <aAn i' via t rd tluit tht viewer obtains more of d motion |«ieture 

ot th»" thought |»»\jh*v»*.. 

I») Iht tltxibh iiatuii oi t hi V^viet dbcvrt dining t'X|*«'rimi'iit peiwitu 
tiu it I* i vit w«i to uj.t lmi'iomptu ifUe^t ioning to follow the flow 
<«t i i.tudmt'b thought d>» it ; :» in tlic process ol torming. 

v > A .tudent'w undti .t.mdlug of dl>'ebrd t hdngv;. with tin>e dtid tiXiH»r- 
u u< »- The loiigitndinul iiiiture ol the ooviot d..i_< rtdining i>tudy 
i. di .fcj'm.l t«. (.intuit thij, dyn.imii ijuality ol .^dining. 
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"^unHo* of pmbl »oI vinp | »o» «»;;m'S oft»'ii i.ivoivt nr»*-yy -ibnvr-.iv rrir* 1 find 
r ;ift"J 'ttutbriti 6V« <jiir.«» th*'s»' students .irr r< n< r.ill y better .i!>1 •* to ti t it u- 
liitf r«M<>otiinK I'fOtPTJc* - .. On th*» otli»*r h,itul» error »)tM lysis studios o!t«»n" 
inv/olv* mostly *v*rigt; <ind bf > Iow-<ivpr.ip*> students t'rrTiTrr.p thrr . * 1 student* 1 , mike 
n* r** 1 ni-.tik* 11 . In jrdnr to identify 1 * .irninp, di f f i c*l t i«"- from,: psycho 1 op. i - 
oil nj-vc t ivH, it is important to analyze th«* r p.isonitif* pi™ os.s* 1 ?; us^d by 

>if*)b|p itiir)ent<; .ind oajwirc ihem to th* 1 processor, usnd by |os\ c*i|*.lhli* stu- 
dents T.i^ks th<it r.ingp'in difficulty oil th»? w.iy from sMiirJ,ir <) textbook 
"xnr» i ,f Jp to modontply difficult nonstandard problems should en.ihl* 1 
iiivc-t ip 1 1. .t c to obtr.ii d^rcason/ibl* 1 dmonnt of infurrvit ion nbout thr r.\i- 
zuninp, pr»" "-"Sps mod by both aiov* 1 -/! yor.ipo ,iiid below- .1 vor.ip/« students. 



A «-tudy >r I p. mi up, difficulties in ,ilftr»br.i is run nut |y Imm up <ondut led 
wiMi I? hlp.h school freshmen in At lions, Oorp.ifi. H.ilf of the student'; »ir« 
d>oye .iv^t.ip/- tn.J Inlf iro below dver.ip.e. *>ich student i'. boinp. i utc i«v i«»we«J 
1 ji one lionr r/ory thteo weeks ovor the roursr of »in *ic .»deir,ir year, irinp, 
rhe * i«« I -t .< .1 i.ib.nip m*;thodolop,y . .Vv.-i.il pi -test in ;t Turnouts «iro !>• i ••>• 
administer orl t » issess tbo students' initbil Mtidorstfin Jinp of vai tables, 
«-x|»f **'-. . ions , jtid equation , .is well as their ability to ij'plv *he prore«--.es 
1 »f p/Mier a ' i /at ion ind r^von ibi I I ty. 

> 

InW 1 view tJ Ik s . Dorh standard textbook problems* rind nonst indard , related 
problems it beinp. in- Indid «n the interviews. The standaid pivililnm* providr 
Mi<* lol^tw iv»M> ( ifr»» -.ti>»|ont«; wi^K noftio pi^'blr m-'-.nl v hip t li.i I bnp/« ind ifi".:r«" f 
Miit th«"s* tihlonr^ . :porionro somo •:!?» fp 1 --. in obtiininp. iinnwrfn. J\v tion- 
tmdflitl pr<M«m«. pn v id* 1 th* 1 ^bovo-.ivor.ip/* ■-.tudriit& wi th 1 pmM* i m-"oi viiif* 
bil|r>npp. It i •-. tbr-tujp.h tho tro» ? np, of tboup.bt prr^r* 1 ^';* 1 ^ durviip, piT)!>1om- 
Iviup, 1 tivity tluit th* 1 iriVKst iT'ltor*". hop*» to obtain insip.lit into Ir.iMiinp, 
'ill f i' nit 

m m 

Int.orvirw t^:k- r*»|>r««s**»it th* 1 col In of o 1-Hlmon^lonil contcn t x p roem s a x 
fi>iTr rotiix in whiih tb*» contont toplr* or*- operations with |*ol ynomin 1 1 » 
ilprbi.ilr f i.v • lotn, and radioiln, th* 1 profn^^o*; ,jr*» ponor.il I r..itlon »itid 
r* ** 1 ilnll.y, iiim in* T ^ro **x; ^«tR'o««^ ind p^ihitlonn. ^trin«Urd prob- 




is 



179- 



iuu„ jh u„ed io f jii.J.1 1 I .i! ta.k, upon wl4ii.l1 generalization .uid reversibility 
t 1 >k.» aie constructed. Klititwti possible, expression task*, and equation 
task 1 t-iccliii; ejuh other. 

Aiuly ^i of data. Initially, the oial and written response of ai students 
will !.«. juily/.<*i foi 1 egul tri 1 11 > ot *>ei v<ibl< ^S'O.ueiiccs ot Im hdvioi ae ross 
iuliviJu.il.. N«x. , ii>»' (t^pon-t.* lor each student will he » .if ftully examined 
wilh i«telvii«< to .cv«'i.il iju« .lioiu, ot inter <M, i,»< It j.. the following. 

a) To what degree (it vuijti/ii Jo the ^todcnlo gofM'i all /m tht ir 
.solutions.' On tuoK^. with multiple correct vvi*\M\^v^, Jo tin- 
-.ludonls uvike goix tal statements? 

b) Ik> the ^tu.leuf, geiieial 1 m processes or c operut ions from out* 
Li ,k id iUk u* xt? IX) the students trausfei the pruces.*c.< or 
optialion., tioiu one content domain to another? 

t) how doe. liu least J difficulty affect d .* indent's *«ppi it at 10ft 
of general iial ions? If the student focu;»es on .1 particular 
difficulty, ait iiicoiivct connections more likely u* mctir? 

d) i> t fie l*e j ;«ittern to the* students' behavior in terms of the 
type, of 1 cvetsibii i ty they apply to the algebra task.,? 

• ) How pctsi .tent die students in attempting to use a particular 
ippioith wh««n c*/. t iei fencing difficulty in solving a problem? 

t) Ifc.w U> ..tudti.ts lea. t to hints tltdt suggest a diff«*iunt approach? 

g) if a student .tUv.-, u piohlcm using one approach, on lit or she 
^olvt the s.ime pioblein anolV 1 way? for instance, i fr a .indent 
ii>« . 11* gat i on to ^oJ vt ,1 problem, edit he or .die use (.onpennul ion 
a., well, 01 vi«e vcisaj 

Tin ji ( .ily.i> will 1 Jhgt t jr beyond these particular »|ueslions. In gtiierul, 

tlx iiivt .ttfil'i.* will be e.poiiily interest^! in identifying ltarniug 

pillciii. (hit .4 ♦ m <.o *t»uy to th« .>taii<Lid curriculum. It i. tl« .« pit tt tie. 

in tt rn.iv l>» t ,|u i illy Ik l| ful in *ugjv:,lirig alternative, mot< • lt« « tive 

flu tho.J. >t le j 1 blllf ll j't til I . 



Ki I hHi Ml I . 



* 1,1 * A ->t' »dy of ■ »p ii.il fo Utfcit < >]>< 1 jt i;»_n.» in , hoo l mutju - 

1. u> : . H iwihof ne , Vi» K#i ia Au >t rai tan Conn* i 1 lor rJiK ition.il 
lv. ,t.V,|, !■)>',. ( >4 ) 

'"Ih , r I Ihi •!« y« J.ui'J'" f J, 1 t o 1 iai 1 i^.ijonjii^. N«-w<<]>tle, Au.tialni. 
IJii 1 vt 1 .11 y*7.f Hrt« a'/lle7 I *' 'S <h f 
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CLASSKOOH J?nih IKS USINC FEATUKK IDENTIFICATION TASKS 
Arthur L. White 
Patricia Wilson 
R ichard J. ShuDway 
The Ohio State University 

Feature Identification tusks have a potential tu clarify the value- of 
exaaples and non~exaapl es in the classroom. The "*e of examples and nun- 
exaaples has beer\ identified as a critical prublea area in the learning of 
Mathematical concepts (Sowder, 1980). Psychological research on conjunctive 
feature identification tasks favor sequences of all positive 'nstances ovet 
Mixed positive rrtRJ negative .nstarues (Buurne and Doainowskl, 1972, ErUkson 
and Junes, l^^b). However, research Invulving taatheaat ical concepts found 
the opposite. Mixed positive and negative instances were favored over the 
all positive sequences (ShuKvay, 1971 , 1974, 1977). 

Shuaway and White tried to identify a critical variable tMt account . .or 
t lie different u in the Mathematical and psychological research. They fuund 
that students had difficulty using negative instances in developing a 
Lunccpt .(!977). in additi6n, frequency levels of irrelevant dlaenaions 
-u.Latd to be une of the factors influencing the usefulness of non-exaaples. 
if the frequency level was maintained at a 50-50 chance of either level 
occurring, the traditional Lsyclo log ical results were obtained showing that 
gtqotjices of all positive Instances are aore helpful in learning a concept 
However, If t lit iiuqueiicy level is Manipulated so that one level occurs aore 
often (901 uf the tise). nixed t«yit ive and negative Instances were better 
than all positive Instances (Shuaway et si, 1981). 

Intuitively, the idea of different frequencies fur different levels of a 
dlaenslun *ee*M to ialtate the classroom. Typically lit the clauaroou, soae 
irrelevant features are not varied (i.e. orientatfun of a figure in a ' » 

rtxtboik, names of variables). Two attempt* were made to replicate the 1981 
sCU'iy (Shuaway et al, 1981) usiag topics thai were close* to classroom 
activities than the letter st I lugs used previously. The tirst was the 
gc> ttric concept oi the altitude of a triangle and the second was a 
nsnnuter uistula.ed qualitative anal > stsrchenl st ry experiment. 
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GEOMETRIC CONCEPT • 
A pilot study wan run which failed to replicate the,results of the 1981 study. 
Five dimensions of the triangle varied in two levels each. Ninth grade 
algebra student* were Instructed on how to use negative instance© and alto on 
the five dimensions whloh were manipulated. The subjects were given geometric 
sequences which replicated the treatments of the previous study. 

The recults showed no significant differences in the treatments. There was 
a slight favoring of nixed positive and negative sequences for both 
treatments. The subjects Lad a difficult t lue focusing on the five hl-level 
dimensions that were manipulated. Sowe Ss focused on Irrelevant attributes 
other than the five Intended by the researcher and some attended to 01, y a 
subset *>t the five dimensions. 

gUALlTATlVK ANALYSIS CONCEPT 1 
An attribute Identification concept learning task was designed for 
administration by use of the Appie II microcomputer. The task was related 
to the processes of qualitative analysis In chemistry. A simulation of a 
chemical system was programmed no as to present the results of a chemical 
r •action to Ss. The program Included graphics' animated to represent chemical 
and physical 'cliangea which are often observed In qualitative chemical analysis. 

« 

The dimensions of focus for the Ss were: 

dimensions features 

- formation of a precipitate ye* or no 

- formation of a gas y * n or no 
change In temperature increase or decrease 

- coior change 6f solution ^ yes or no 

' rate of reaction fnnt or „ low 

Five dimension* were chosen In order to replicate the study of Shumway et al 
(I9BI). The microcomputer simulated chemistry 'expcrlnents were presented In 
sequences which w<?rc replications of the *%tquences used by Shumway, 

The Ss received lnstiuction and practice on r*sks similar to the experimental 
task •» ■ group. The lout ruction Included the group solution a task « 



-183- 



lnvolvlng thret factum with two levels of each factor. The atimulus waa a 
lit ring of 3 letter a ami the Ss were asked to Identify what two features 
defined the concept. Thla waa an attribute Identification task with the 
rule conjunction given. The strategy uaedT was diacuaaed aa the group worked 
thru the tank. 

i 

u 

The second practice taak was done individually by each subject. The Instances 
for thia task Included levels ot**at tributes froa four^f actors, with tvo levels 
for each factor possible. After the Sa coapleted the task the results were 
discussed along with questions and answers related to strategies fur solution. 

> ♦ 
Following the two practice tasks the<subjects responded to a pretest designed 
to determine If the Sa ^ere able to use Information froa the negative 
Instances. The result a showed tnut 17 of the 23 Ss were able to use 
Information from negative Instances while 6 were not. There were no 
significant (p < ,0*>) difference among the four treatment condltlona on 
*pretest scores. Sew table 1 for neuns and standard deviations by ceil. 

Table I 

Means and Standard Deviations 
for Tretest Scores by Cell 

Frequency 



Sequence 
Condition 



JO/ SO 


90/10 


M 5.4 


H % . 1 


SO 3.65 


SO 4.55 


M 5.8 


M 5.9 


SO A. 32 


SO 3.94 







The ipeiltk task fur the Ss using these sequences of experiments was to 
Idtutlfy the two feature* that Identify the presence of a certain substance. 
If the substance Is present the exper latent Is an exaaple **' tne concept, If 
the substance Is nut present In the aystea the experiment Is a non-exaaple 
of the concept. 



Ihc filnulat Kin- bejjna with a ftw drops of a reagent add*»d to a heaker filled 
with a blue solution. The subject observed the results uf tie experiment and 
was aj.ked to circle the itunges observed on a response sheet. After the 




/ / 



/ 
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chemical experiment vns completed the S« were asked Co guess If the experiment 
%ta% an e..amj>le or non-example of the concept. The Ss then enter their ftucaa 
Into the sicrocomputer which Immediately indicate* whether, the instance waa 
an example or non-example. At this point the Sa record the microcomputer 
feedback* 'Make a guea* aa to what two features arc needed for the inatance 
to he an example and requeat the next experiment by entering a I on the 
keyboard. 

9 

There were 20 different yequencea^ofc' 40 Instances (experiment*) each. The 
average t Uie required by the Sa to complete thia attribute identification 
tank waa about 20 minutes. 



The Sa for tl.la research were ^^teatera and Ph.D. candidates in a courae on 
Icnrulng theory. Th* Sa were teachers of science and/or mathcMfltica at the 
secondary level. The Sa were randomly assigned to the 20 aeqnencea. All 
arquencea were responded to by at le*aat one subject and where more than one 
S responded to a sequence, the average value was determined fot further " 
analvs Is. 



Ttje 20 sequences were arranged as shown in table 2. 

Table 2 



Instance 
Type 



Feature Proport Ion 




50/50 






Sequence #01 


Science 


#06 


02 




07 


OJ 




08 


04 




09 


05 




10 


Sequence #11 


Sequence 


016 


12 




1 / 


13 




18 


14 




19 


15 




20 



The criterion for the concept learnittg task was the nurber of experisenta 
, needed for the Sa to determine the features which Identify the presence of 
the specific substance. 
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Ihe »v4im 4. id HtHnjiU.I deviation* for the tour cell* of tltlw deulgn are 
given in table ). 

Table I 

Heanu and Standard Dcvi«C lmii> • 
for Criterion Scores by Cell 

Frequent y 

S»_/>P_ r . 9 H/iP. 



X - 


/,60 


X • 


15. »0 


S!) - 


9.24 


{ Si) • 


16.10 


X - 


10. uo 


X • 


11.80 


sn. - 


2.00 


SD - 


10.73 



A *Tx2 two way ait.il, of variance of the data rcuultcd In nou ulgulf leant 
sequent e londltiun ( + , + ) hy frequency (!>0/^0 t 90/ Um Interaction and nuln 
effect*. A plot Of the »e*n 1h given In .figure. l\ 
16 



Ni«il>«?r of 
trial* tor 

so 1 nt Ion 



U 
12 
H) 

6 




Sequence Condition 
tlguVe 1 

i 

Although nun s l*nl Hi *»t » the lower tin,e of the graph appears to hi 
t iiii»ittl«.nl with the uiiual p»ychoioglc ah r tuult o far con June t i vej at t r ibut e 
learning taukH, that Is to way, ^equencen ol all po»llive int*t ant.i:3 sre 
favorvd over tfequomeu of positive and negative instances. The on per line 
ap|M'jra to be cud**! tuLet win the Infloenee of high frequency (90/10) ot 
irrelevant feature.-* being »«t< difficult and corn* lutein with the «a tlcM.it It al 
tuiutpt learning tank* in wt>Uh seqoen» en of ponltive and negative (nut anion 
are luvored over H.quutte. of all punitive Inwtantea, It 1h n* I clear r row * 
thl«* ttiMJy tti.it the ilfi it of iug.it 1 vi liiHtancett Is Iih reaped wtiea tli»* 
li«<|veiii y of level*, of Irrelevant attribute* in otner than W/iO. The 
repl'iat lim ol tliii itUily to iiulude S j»r muu pi r tell should provifle the 
.it t tiial power needed ^o snake .iaoie valid Interpretation. 
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THE LFFECTS OF DIFFERENT STUDENT INTERACTION 
PATTERNS ON LEARN 1 NO OUT COKES IN MATHEMATICS 
Roger T. Johnson and David W. Juhnson 
University of Minnesota 

o 

How atudentsipercelve each other and Interact with each other dui lng 
Instruction has considerable impact on learning outcome*. How well a student 
under standi, the Material and remembers It, how the student feels about the 
aubject and the teaih<;r, how the students feel about each other and themselves 
as learners are all Influenced by the pattern of interact lona between students. 
There are three basic types of Interaction pattern* that can be Implemented 
during Instruction (Deutach, 1962, Johnson 4 Johnaon, 1973); Competitive, 
Individualistic and Cooperative^ In a Competitive situation an individual's 
goat achievement is negatively correlated; when one peraon achieves hla goal 
all others with whom he Is competitively linked fail to achieve "heir goal. 
In a math class If one student has the highest score on an^aaslgnment , no other 
student can have the highest score. In an Individualistic situation an 
Individual's goal achievement la Independent fro** others; the goal achievement 
of one pecsor Is unrelited to the 8oal achievement of othera. In o math class 
otructured lnilvlduallatlcally each student la working toward a set criterion » 
and are not linked together. In any way. In a Cooperative situation an Individ- 
ual^ Koal achievement Is positively correlated .vlth group membc^r when one 
ptraon athletes his goal all othera with whom he U cooperatively linked achieve 
their goal a f (n a math claas structured cooperatively each student Is working 
to make sure he masters the material and that the othera atudenta In his group 
c I so master the material . 

It la lmpurtant to realize that there may be a algnlf leant difference 
between having otudenta "work In a group" and stucturlng students to "work 
qoopei atlvely". An operational definition of cooperation lncludea poaltlve 
Interdependence (tha«> group members see themselves In a sink or swim tugether 
situation) and Individual accountability (each student should master the 
mutter laf'. The operational definition of competition has each student working 
Individually to try and do better than the 'other -atudenta and In the Individ- 
ually U altuatlon each btudent 1* working Individually toward a utatcd criteria 
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which he will reach, or not reach, depending on hi» own efforta, 

There In a great deal of research available which examines f effects 
of the different Interaction patterns on instruction (Johnaon & nson, 1975; 
Johnson, et.al. 1981). In thla paper • „*r of field studies will he featured 
which focua on the teaming of mathematics In cooperative, competitive and 
Indlvlduallatlc settings. The studies cover a range of ages In students and 
content In math. Three ,tudiea were done In a Mr*t Grade setting and examined 
hoth drill and problem solving tanks (Johnson, Johnson & Skon, X978; Johnaon, 
Skon * Johnson, 1980, Skon, Johnaon & Johnson, in press). One study was dnne 
In Third Grade with thv regular aath curriculum, primarily drill activity 
(Johnaon & Johnson. In press) . Three studies were done at the Fifth-Sixth 
Ctade level examining both drill and oroblen solving activities (Johnson, 
Johnaon and Scott, 1978* Johnson. Johnson and Tauer, 1979; Jnhn.on an d Johnson,, 
1979), One study vaa done at the Eleventh Grade level using the regular 
general math curriculum (Johnaon & Johnson, submitted). A variety of 
dependent measures were used in these studies, but they primarily fall Into 
three broad categories! Achievement, Attitudes and Acceptance of Differences. 

ACH2EVEMEHT 

In a Mete-Analysis of studies comparing the effects of cooperative, 
competitive and Individualistic Interaction patterns on achievement, It 
was determined that having students work cooperatively will result In hlghei 
schlevement than hsvlng itudenta work Indlvldusllatically or competitively 
(Johnaon. et. a!., 1980). These results were conslatent across sge groupa 
and subject matter. Including the sres of mathematics. The Mets-Analysli, 
Mao Indicated ths.t there seems to be a atronger relationships between 
cooperation «nd problem solving tasks thsn cooperation and very simple drlll- 
t*vlet,. 

This finding was mirrored in the field studies. Each of these studies 
followed a strict Post-Teat Only Design vlth students being randomly assigned 
to treatment and teachers r 0 fsied across conditions. In the First Grade studies 
students In the tooperstive condition perfoi^d-algniMeant4y better on math 
dril! task,, atory problem taska, spacial reasoning «nd visual sorting tasks. 
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and sw.th equations. There w.u. also evident t; that on problem dulvlng task*, 
not only do low ability and middle ability students do better In cooperative 
groups, but the high ability students In the cooperative condition achieved 
significantly higher than high sbillty students working .lone, t nd less 
errors were ojde by students working In cooperative groups. The Third 
Grade study did not have achlevcaent data* 

Three studies at the Fifth-Sixth Grade level alto indicated that 
cooperation tends to promote higher achievement on dally *ath achievement 
and on end of unit tests In another study* One of Ju? studies dealt with 
several different kinds of tasks including math drill-review (two-place auk- 
lpllcatton problems) and problem solving (finding a number of triangles In 
a figure). On the drill -review atudents In the cooperative and Individualistic 
eruditions did better than students in the competitive condition. On the 
problem solving task students in the cooperative condition did significantly 
better thsn students In the other two conditions with the lowest performs, re 
by the students In the Individualistic condition, tr analyzing the responses 
it \as found that lew errors were nade by atudents in cooperation and they 
tended to pursue the problem longer while the students In the Individualistic, 
and somewhat In Che competitive, conditions would find the obvious answers 
and, stop. 

In the Eleventh Grade study schlevemnt was sgaln higher for students In 
the cooperative condition. Since tt'la study dealt with tue lasue of malnatream- 
lng learning disable! students into regular math classes, it Is interesting to 
see that both handicapped and nonhandlcapped students did better In the 
heterogeneous, ^operative setting tjian hanuliappcd and noahsndl capped students 
working alone. There waa not a competltve condition in this study. 

Overall, there Is growinn evidence that cooperation promotes higher 
achievement .In am th than h.tvlng students work competitively or individual 1st leal ly 
and this Is especially true when the Cos* Is something sore than nlmple 
drill-review. 

ATTITUDES + 
A consistent finding In stu-Vnt Interaction studies l«* the pusltlve 
affect u&mjtuiud with working coupe rat ive iy . These wtudies on math classes 
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continue to support these prior findings. The First Grade s»udentn In the 
cooperative conditions vlevpd math as less difficult thnn did students In 
the, cojpet Itlvc and Individual 1st tr condition*, nnd perceived themselves nn 
having wore peer support. The students In ihp Third Grndc Study cooperative 
condition alio perceived wore peer support and encouragement for learning. 
In the Fifth-Sixth Grade studies, students tn the cooperative condition* 
felt more teacher support and *ncourage*tent , tended tn perceive more peer 
support nnd caring, tended to ferl more relaxed and romfortnhle in math 
class, and tended to v**v the tanks at» shorter, easier and raore enjoyable 
than nttidcnta In the competitive and individualistic conditlona. In the 
Eleventh Crade study studenta In t he cooperative condition perceived the math 
assignments In he lean difficult, perceived wore peer aupport for learning, 
and tended to he mor* motivated to be on tank than students In the other 
two conditlona. 

Students in the cooperative conditlona tend to feel wore poaltlve ahout 
each other, the teacher and math clans than atudenta who are competing or 
working* Individual i at Icolly. 
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ACCEPTANCE OF DIFFERENCES 
Alt of these studies addressed the question of ho* dents perceive 
ench other and three of them examined students attitudes ahont other students 
who ire different than they are. Students who were learning dlsahled nnd 
malnstrenmed Into the math Hansen was a major theme of the Third Grade nnd 
Fleveoth Trade studies and different ethnic hackground was r. focus in one of 
the Fifth Sixth Grnde studies. Tn the Third f.rnde study where a few students 
who were Identified ns having severe learning nnd hehnvlor prohlems were 
malnstrenmed Into cooperative snd Individualistic condltlnns, there wns far 
more Interaction between tie handicapped and n on hand 1 capped students and 
thnt theae Interactions were nlmost entirely positive In nature. In addition 
It wan found that iheae relationships gcnt*t nl l*cd to free time situations 
where there were more cross handicap poaltlve Interactions thnn In the 
Individualistic group, and students In the conperatlve comiltlon made 
significantly more cross handicap choices for friends on a soclomofrlc nomi in- 
tlon. 
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In Che Eleventh Crjde Study there were over Tour statements froa 
n on handle tipped student* to hjtfdltapped peera to every one nndc In the 
individuuli.it ic fondle ton* Students In the cooperative condition Indicated 
oore troas handicap helping and oade wore cross handicap choice* on a 
sotloaetrlt rating acale than did students in the lndlvlduallat It condition. 

In the Fifth-Sixth llradfi Study which looked at acceptance oC dlf te rente*, 
cooperative learning experiences In math tended to promote more motivation 
to be part of a learning group with*peraona who were different sexually, 
ethnically, and culturally, with the expectation that the neterogenul ty would 
Increase the learning and enjoyment of the claas. * 

A nuaber of other atudlea aloo are In agreement with theae atudlus that 
cooperation promotea an acceptance of dlfferencea uaong peers. 

CONCLUSIONS 

J he series ot math atudiea reported here all look at the effects of 
having tftudenl* work cooperatively, competitively or lnd 1 vldual lat leal ly In 
math ( Itmaroo*** Three osjor learning outcuota are dlscusaed; r achievement , 
attltudeu, and. accept unce nf dlfferencea. 

Theue studies In math support the data of other studies whlch^jndlcates 
that jtlileveoent Is enhances by having atudenta work rogether^^pcratlvely 
rather than having atudenta work alone coapct ltlvely or Individualist leal ly . 
The sign it learn e ot this finding In In tue fact that noat claaaroooa tend to 
emphasize Individual achievement and teachers are atlll being taught In pre 
and inner vice to separate atudenta fro* one another and make sure they do 
their own work. In addition to math achievement, atudenta In cooperative 
groups* tend to make I ewer errors and arc aore per* intent and creative in 
problem uolvlng altu&tions. , ' " 

There Is considerable concern at this time about the attitudes ot 

j 

students toward aath clasa and studying mathematics. Theae studies Indicate 
that students working In cooperative learning groups feel more poaltlve 
about studying aath, feel more aupport from the teacher, and'more support 



t run peers to learn math thun~do students learning cimpet It 1 vely or Individ 
u.tliut lcolly. 

There Is also evidence from these studies that learning math in a 
ci.iM.sroom.tli.it uttett . o*»pei <«t t v* learning group*. »f ten ran build an acceptance 
ot dlf tit em t» .imong the atudents so that they ran not only work effei.' 'fly 
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In a nixed ability group, n mired sexuqlly group, a group that Includes 
different ethnic backgrounds or mainstreaaed handicapped students, but that 
they gata an appreciation for the differences that exist and select to 
interact heterogeiieoua!y beyond math class. There will be Incgtasing 
Importance attached to building this kind of climate for acceptance of 
differences as schools continue to deal with aexls*, racism and rejection 
of handicapped in classroowi, Structuring heterogeneous cooperative groups 
will net only tend to build the acceptance of differences but will also 
provide higher achievement and more poaltlve feelings In all atudenta, 
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leathers' Critical Moments: 
The Other Side to Student Understanding 





Janet C. Shroyer 



In his address to the Fifth International Group for the Psychology of Mathema- 
tics Education, kilpatrick (1981) calls for more research to be conducted in the 
classroom. His recommendation comes at a time when there is an increasing use of 
the clinical interview technique to obtain information about students' understand- 
ing of mathematics. As a result of investigations of students' thinking, some in-* 
tere^ting error patterns have been isolated and described. For example, in their 
s\udy of students* knowledge oTrational numbers, Behr and Post (1981) report the 
effect of visual-perceptual distractors on students' understanding of fractions. 
One way of lending credibility to such findings obtained outside the classroom is to 
find examples of the came or simrlar error patterns occurring during classroom in- N 
struction. Studies on teacher thought and behavior provide one source of classroom 
data from which to seek such examples. The purpose of this paper is to illustrate 
how, this might^e dune and how the findings frot* the otherwise divergent lines of 
research might be used to increase our understanding about the teaching and learning 
of mathematics. 

In her stuJy of critical moments In the teaching of .mathematics , Shroyer (1981) 
isolated and examined incident** of student difficulty and insight for which teachers 
experienced momentary crises. Lvidence of the teachers' cognitive difficulties and 
emotional discomfort were souyht from their thoughts and feelings, reported through 
a process known as stimulated recall (Kagan, 1975) From her process tracing study 
of three teachers teaching units on rational numbers, Shroyer observed that the 
ilistinctive types of student difficulties and insights which caused teachers' prob- 
lems were also indicative of students understanding of mathematics. For example, 
one intlcal moment illustrates the impact of visual-dist. actors , similar to ttore 
reported by Behr and Post (1981), and student misconceptions in identifying frac- 
tions from models. One type of visual distr actor was noted by Behr and Post when 
students were distracted from modeling a Traction by more divisions that we^re ne- - 
cess.ary. For example, students migtft have trouble representing 1/3 in a rectangle 
which was already divided into six squares (see Figure I). 




} 



Figure 1. 
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Shroyer'> study ^Tso offers some clear Indicators of what teachers need in the 
way of assistance If they are to effectively cope with these distinctive student 
difficulties and Insights during Interactive Instruction. Before describing the 
critical moment and the student difficulty it Illustrates, some remarks need to be 
roade about the setting In which Martha, the teacher who experienced the critical 
moment, was teaching. 

Setting 

Martha was teaching an Introductory unit on frictions In which she relied al 
most entirely on the use of concrete and pictorial tasks. Six days of lessons were 
Included In the study. On the first five days she focused on developing the concept 
of fractions beginning with unit frictions, then moving to other proper fractions 
and, finally, examining Improper fractions. Culsenalre rods were used for many of 
ftie different activities, both is rods to manipulate and is models of rectangles to 
mKrw on piper. The first day, students were asked to show unit frictions for 
designated units of Culsenalre rods (e.g., 1/3 of dark green), about the rods (e.g., 
red 1s 1/8 of brown), and to model 1/3 In different ways. 

Students were asked to compare or order fractions on the second, third, and 
fourth days and to Identify equivalent fractions on the fifth day of the unit. Ad- 
dition of fractions was Introduced on the fifth day and was the only topic on the 
sixth day. Martha relied on total class Instruction for most of the unit. She 
provided one separate work period for adding fractions and qave three short tests 
on the first three days. Students were very much Involved with the tasks, and they 
eagerly participated In the classroom Interaction. There were no disruptive inci- 
dents of student misbehavior and very few minor Infractions of classroom decorum. 
The following description of Mirtha's critical moment which occurred on the second 
day will Include relevant information about the antlcedent behaviors and conditions,- 
the specific student difficulties, the teacher's elective actions taken 1n response 
to these student difficulties, and the consequences to Ine Instructional flow of 
the same lesson and ^he next day's lesson. 

Critical Moment 

Martha's critical moment Involves more than one Incident of student difficulty. 
Several students had trouble naming parts of rectangles or circles which had been 
subdivided after one portion had been shaded or had the value written on 1t. For a 
rectangle cut Into five equal pieces In which the first piece was Identified as 
1/5, for example, the next or remaining portion was identified as 1/4 (see Flcjure 2). 



t 

1/4 > 1/3; 

1% 1 1 " I T J ' 

Figuie 2. 

The student's response was based on the fact that four p.eces still remained. The 
~nejiLj>iece_was labeled 1/3. 

The first error in Martha's critical occurred during the first planned activ- 
ity on the second day of the unit. The, taste was essentially the same as was given 
for a test on the first day Students were answering questions about the fraction- 
al values of parts of a rectangle formed by drawing around the dark green rod on 
grid paper wit* squares of 1 sq. cm. to match the fact of a white r<>d. On the grid 
paper, each rectangle was automatically divided Into six squares. Students had 
oeen asked to divide the rectangles and shade 1/2, 1/3. 4/6, 3/6, and 2/6 which 
they did with few difficulties. Referring to the rectanqle 1n which the first 
square hall been shaded as 1/6, Martha asked Rodney what was not shaded, and he re- 
sponded with 1/5 instead of 5/6. 

The second Instance of this error pattern occurred when Martha was reviewing 
the^same problems by asking questions about the figures she had already drawn on 
the overhead projector. Pointing to the same picture shown in Figure 1, Hartha 
asked Rodney what was not shaded, and he replied 1/4. He had forgotte . or was un- 
able to see from her drawing that the rectangle had been subdivided into thirds, 
he was responding 1/4 because he could count four squares that were not shaded. 
Before the reader forms *ny firm opinion about Rodney's ability or attention to tne 
Usk from these two errors, it should be pointed out that during the same activity, 
he volunteered the first equivalent value for a fraction. He suggested 1/2 as 
another name tor the model of 3/6. 

For the first error, Hartha acknowledged that Rodney was seeing five unshaded 

parts, reminded him they were working with sixths, and repeated her Question. He 

answered correctly, but it appeared as though his helper may have whispered the 

answer to him. During this activity, helpers had been designated to assist those 

who had some difficulty with the test the first day. For the second error, Martha 

continued to ask questions when Rodney reported that the unshaded portion was 1/4 

instead of 2/3 (see Figure 1). In this case, the helper was no longer present. 

T. How many parts did we divide this {rectangle] into, Rodney? 
S. Three. 

T. Three. How many of them are shaded? , 
S. Two Ireferrlng to the two squares rather than one of the three 
divisions!. 
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At this point, Martha began to realize how the snail squares were interfering Vlth 

Rodney's understanding of thirds. 

T. I see why you said two. One of thwarts Is shaded; Isn't It? 

How roany of the parts are not shad*d? 
S. Two 

Rodney's response was correct, but Martha s*«wd unaware of It at the time. Instead, 

th| cause of his error was still on her mind as she went on to say, 

T. You are counting each little box, aren't you? 
S. Ho, but .. 

T. (going right on) I can, see why you are confused; It's confusing. 
Rodney, tell me again how much Is not shaded. !f we divide that 
Into thirds, Ur>> .mich Is not shaded? (Pause and "no rrsponse.l * 
OK, I'll tell you—2/3. How many thirds are In the whole thing? 

S. Three. 

T. One Is shaded; how many are not shaded? 
S. 2/3. 

Two- thirds was not rsally the answer to the last question, but Martha did not sew 
to mind since Rodney had Indicated the unshaded part was 2/3. 

If the above two incidents had not qualified as a critical moment for Martha, 
two similar errors which occurred during the next activity probably would have. 

and fourth Inrtances of the same error pattern came durlnq the next 
activity. Martha had switched to drawing circles and rectangles on the board and 
asking students to label earn of the parts. Milton expressed some disbelief that 
each of the four equal pieces of a circle were 1/4 (Figure 3). After obtaining his 
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Figure 4. 

agreement that each piece was 1/4 • Martha drew another picture (see Figure 3), estab- 
lished the ssvjil portion «as 1/4, and asked what all the rest would be. Hilton re- 
plied 1/3, as though the other pieces were still showing, his error pattern was the 
same as Rodney's. In response, Martha offered him a word of encouragement and told 
him the correct response: H Vou are on the right track; It would be 3/4, M For the 
next problem, Martha drew a candy bar In the shape of a rectangle, divided It Into 
fifths, and asked Todd to label the first piece. She noticed him counting the 
pieces and drew this to the attention of the class before he correctly Identified 
the first piece as 1/5, telling her to "scratch out one lof the pieces)." He pro- 
ceeded to label the next t'.» parts as 1/4 and 1/3. Martha acknowledged this was 
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confusing and called on Milton. Me responded 1/4 for the second piece es well. 

Another redirect elicited the correct response of 1/5, and the dialogue continued: 

T. You would label It 1/5, too. How can. that be? Kevin? 

S. Because all those things (squares 1 are all the same. 

T. AH right, every one of them is the same size, Isn't it. And 

every one of the* is called...? 
S. 1/5 (called out by a number of students in the class J. ^ 
T. What if I am talking about two of them? Steve? (Ho response.] 

Hilton? 
S. 2/5. 

T. That's right, that is 2/5. So what am I going to label this 

"piece right here {pointing to -the -next square], Rodney? 
S. 1/5. 

T. And what about this one, Rodney? <* 
S. 1/5. 

Martha r-sponded affirmatively and moved on to another picture. When reviewing how 
many thirds, fifths, fourths, and halves were In each o* the pictures, she called on 
both Todd and Hilton again. This time her answers were correct.. 

Much might be said about the particular actions that Martha took in response to 
these errors, but such discussion must necessarily be delayed. For right now, it Is 
important to note that while Martha may not have done a lot to correct the students' 
misconceptions at the time they occurred, she was persistent in trying to find out 
if they understood She continued to call on the same students until they were able 
to give correct responses. 

Several aspects of Martha's mental processing of this critical moment were ap- 
parent from the stimulated recall data. First, she was not as cognizant of the 
error pattern as it may have appeared with the first incident. It took the second 
and possibly even the third andjourth instances of the same error pattern before 
she was fully aware of the misconception and its significance to the student. This 
was apparent when she did not talk about the error from the first instance but 
talked instead of the one from the second. In emphasizing her fascination with the 
recurring Incidents of the same error pattern, however, she appeared to the report- 
ing reflective rather than a recalled reaction. 

The only Indication that Martha may have been alerted to the difficulty stu- 
dents had in identifying fractions from the picture models came from one remark she 
made during the recall session on the first day and the opportunity she had for 
seeing some of tne erros they made on the first test. Neither seemed adequate, 
however, for her to anticipate and prepare for such difficulties. 

Second, there were several reasons why Martha responded to the students in the 
manner that she did, including (a) her perception of the students' abilities in ^ 
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mathematics, (b) her own lack of knowledge about what to do, and (c) her conscious 
awareness of the error pattern produced by the critical moment Itself. Hartha 
evidenced more reluctance to push for correct responses from students she perceived 
- a* being Jess capable in roat!*ematics_jrt1ch .is similar to other^findings of the 
effects of teacher expectation (Brophy S qood, 1974). Although she did not admit 
to any difference In-her treatment of these students, -differences in her actions 
during critical moments Involving students perceived as having mo. -e or Jess ability 
were apparent. Hartha also spoke of not wanting to confuse a confused student even 
wore is the result of her own learning experiences. She told of her mind's feeling 
— Hlce in -*eggbeater* wtiDirteachers tried to exptatn mathematTcs To TTerT" 

Hartha acknowledged she did not know how to respond to the difficulty students 
were having In labeling frictions from the models. She really had little alterna- 
tive other than to continue much as she had been doing which was to.emphaslze the 
equivalence of the portions Into which the figures had been subdivided. Her con- 
scious awareness of the errors these students were making was evident in the per- 
sistence of Martha's efforts to elicit correct answers to subsequent questions 
from the saw students. This was not at all typical of student difficulties which 
were routinely processed with less conscious awareness. At the same time, Martha 
found satisfaction In getting correct answers from these same students. 

As a consequence of the teaching and recall experience and the test results 
from the second day, Martha planned another activity for the next day to clear up 
students' misunderstanding of fractions. She eliminated one visual-dlstractcr by 
drawing around the rods and leaving the portioning to the students. Students did 
so well with this activity that Martha became distressed because she was not doing 
more to help the students. It was a different/ type of critical moment brought 
about by the discrepancy between her expectation for and the reality of the stu- 
dents' performance. The other problem of falHng to recognize the unit was either 
corrected or failed to resurface. 

D iscussion and implications 

The critical moment Just described compliments the work by Behr and Post (1981) 
in at least two Important ways. First, the error pattern of Martha's students was 
somewhat different than what Behr and Post describe in the early version of their 
final report. This is at least partially due to tne fact that students were not 
asked the sane questions. As a consequence, somewhat different difficulties may 
have emerged from the two studies. Behr and Post describe how the presence of more 
subdivisions than are necessary to model a fraction can confuse the students and 
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cause errors, but only one of the four errors in the critical moment occurred In the 
presence, of such abstractors. It was the second and also the most salient to Martha. 
Students in Martha's class may have been demonstrating the impact of a different 
Visual -distrac tor as there was a perceptual cue present In each of the four cases. 
Students nls interpreted the fractional values of pieces of rectangles and circles 
from which one or more piece had already been shaded or had a number written on it. 

The second way In which the description of Martha's critical moment compliments 
the work by Behr and Post Is that It offers a teacher's perspective. As already 
described, the teacher's perspective Includes her interpretation of the students' 
errors, her actions taken in response to the errors, reasons for the actions she 
took, and some possible consequences of the critical moments. Both teacher and 
student perspectives are needed to understand the teaching and learning of mathema- 
tics. 

As is apparentTn'the^ritical moment Just described and in the other critical 
moments from the Shro/er study, teachers need help In interpreting and evaluating 
the more distinctive st uden t responses or contributions. They also ne ed suggestion s 
on how to respond to them. This requires task- and topic-specific information 
about the difficulties and insights students night encounter and prescriptions for 
teacher responses. 

Investigations of student understanding of mathematics and teachers' critical 
moments have proved to be a valuable source of information about possible student 
difficulties and insights. Howe^r, such studies do not reveal which teacher ac- 
tions are effective or even appropriate in the Interactive teaching situation. 
Teachers' critical moments occur because their actions are n*it routinely determined 
by the task and questioning patterns of an activity. Teachers are concerned not only 
with their mathematical response to unpredictable and distinctive student perfor- 
mance, but also with having to respond In the presence of and in a way which in- 
volves the class. 
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J children's thinking about addition, subtraction, and 

ORDER OP DECIMAL FRACTIONS 

Douglas T. Owens 
University of British Columbia* 



The purpose of this paper in to report the rationale which children uac in 
thinking about selected decimal concepta and addition and subtraction algorithms. 
The larger study of which thla waa part included pretests, instruction, and 
post test * on decimal fraction concepts aad^ataXlpn^ddU lon a nd subtraction 
algorithm* for decimal*, and multiplication concepts and algorithms for 
decIvnaT*. Children were seleCTed f or lnterrtevs o n th e irairta trf the-poatteat 
acores. An effort waa made to choose a repreaentative cross section of inter- 
viewees with respect to performance on decimal concepts and decimal algorithms. 

One class of grade five children was selected at each of two schools in Clarke 
County, Georgia. Right of the 23 subjects of school 1 and nine of the 25 
subject* la school 2 were selected to be Interviewed* The mean post test score 
of the group chosen wss on decimal concepts and 78X on addition and 
subtraction algorithms while the mean acore for the entire sample waa 48Z on* 
declnal concepts and 74Z on addition and subtraction algorithms* 

The Instructional sequence began with a review of whole number place value and 
the role o| digits in numeration. Then decimal fractions were introduced 
based on partitioning a unit into 10 or 100 equal parta. Base ten models were 
empire*! ** the najor concrete embodiment, flace values and word and numeral 
names were introduced. Common fraction notation was avoided throughout 
Instruction. Base materials were traded to show equivalence, for example, of 
32 hundredths and 3 tenths, 2 hundredth*. Order was shown by placing numbers 
on a number path. This unit of nine instructional periods was followed hy *i 
tent oh decimal concepts and notation. 



* Tht* study was conducted with the assistance of a *aj>batlcal leave grant 
froa the Univer*ity of British Coluahla whll«> the author wn* on leave at 
the University of Georgia. 
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The second unit of instruction on addition nnd lub tract ion algorithms lasted 
about eight periods and was followed hy a teat on these algorithms,. 
Instructional strategy for addition and subtraction relied heavily upon the 
base ten natcrlals and pla.e mats in which lines were drawn to indlcnte places, 
addends and sua. No label* were Indicated for the places, hut the children 
were asked to think of the names and to keep the column* straight — tenthf. 
under the tenths, etc,, analogous to ten* under the tens, etc., for whole 
lumbers. 

The nddltlon-suhtractiun section was followed by a section on multiplication 
and in one school a section on division a* well. Two to four weeks nf»er the 
final pdsttests the Interviews were held, 

*' — - — -itfTBKVtEW-FKOCEIHJRE 



Each child was interviewed individually by the investigator who was also the 

teacher for the lessons. Present at the interview was another adult whose 

task it wan to record the Interview in shorthand. Trnnsirlpts were later 

typed hy the recorder from the shorthnnd verslert. A* each child entered the 

interview space, he/she was Introduced to the recorder ami tnH of her role to 

make nnte*. The tasks were introduced as some questions like those we had 

been doing In class. The child was made awnre that the investigator would he 

asking for an explanation of his/her thoughtsah nit doing the decimal questions. 

Each child was atked for cooperation nnd each one ngreed to do his or her 

best. The questions were presented one at a time and the child wn«i glvrn *n 

opportunity to decide a plan of attack. Ofctcn the ihild wou!d ohtaln an 

answer and the Interviewer would then ask, "How dn you know how to do that?" 

or "Explain whnt you did." Following the child's response, more specific 

questions nnd prohlng ensued, 
i 

RESULTS 

Task A: 6. 3 + 824.43 f 32. 

Mine of the 17 children interviewed nnswered currcrtly. Among them, four 
mentioned aligning the places of the numerals. As Suzanne said, "You line the 
tenths up w|t» the tenths and the whole numhers with the whole numbers," 




X 



-2-44- 



* 



Four children mentioned Aligning the decimal points, Donna put it 
succinctly, "You hnve to Hue up the decimals hecausc you nrc adding . •« so I 
rnn keep track." 

Among the children who got the question correct, five annexed a decimal and 
zero* to siake 32.00 from 32. These children were asked to Justify this move 
or made a *[/ontaneoua comment. Hark anld, "U makes it easier to keep the 
tenths a. \ hundredths places. It's the same value," Traccy said, The 
zeros Just hold the place, they don't change the amount. You at ill hnve 32 
and no more.*' 

Of the 9 children whoae responses were classified at incorrect, six of the 
chil4r»n aligned the right-hand digit of each numeral ns if adding whole 
numbers without regard for the decimals at all* Four of these then counted 
decimal pi/ices In the question and arrived at the answer of 82.538. Tom 
verbalized the procedure as "You line up the back number* ... you count up 
the dec 1 ma In.", 

The remaining three children who miased the question aligned the decimal a in 
6.3 and 824.43. Then 32 wna placed at the right-hand side and one actually 
wrote .32* Another, Bfcth, In response to the Invent tgntor 's questlors aaid, 
"Three la In the tenths fplacej and two is in the hundredths." However, In 
further probing Beth said that the number 123 has no ptacca because there is no 
decimal. She correctly named the placed in 123.0 but thought It wna bigger 
than 123. 

Task 5: 6 UNITS AND 4 VKNTHS TAKE AWAY 1 UNIT AND 9 HUNDREDTHS, 
Nine of the 17 children got this tank correct. Each one translated to tiaunl 
notation, annexed a zero (6.40-1.09), and wrote it In verticnl format. Onlv 
one child Mentioned "... 1 think you are supported to line up thr decimals" but 
of course all did. Moat of the que itiona and responses had to do with zeros 
holding placQs. Jerome read them correctly "six and four tenths ... »lx and 
40 hundredths", then added "But it's the same. You could keep on adding xeros 
and you would «tll) have the same because leros count ns nothing.*' Mark said, 
"it makes It easier and you couldn't do it without the zero because you have 
nothing to tnke away the nine and t have to borrow," Regarding ! .09 Donna snid, 





"The 9 would be tn die wrong place, tenth* place* without a zero" and Mark said, 
'*You couldn't put 9 hundredth* here nnd leave tho tenths f hec blank." 

Among the eight rhlldren whOBC responses were classified as Incorrect, there 
were three classes of errors. 

» 

(1) 6.4 (2) 6.4 rr 6,4 (3) 1,09 

- 1.0? - Kj> - - 1^2 " JL? 4 

5.49 4.5 .45 4."5 

Four children made an error of type 1. Joey sMd, "1 couloV have added * ?ero 
[to 6.4 J ... That [6.4o] would he different." The f lr nr. one Is correct because 
"It tells yen six and four tenths and that In nix and 40 hundredths." Two 
children who got the result 4.5 said, "1 don't know" or "I enn't remember" when 
asked to Justify their answer. Totony declared upon .45 and confidently snld, 
"Because there's two numbers nt the end of the decimal point," The only 



student who made Che" type— 3— error when finished , spontaneously snld It would be 
easier to put .his <6,4> on top. After responding correctly to questions about 
the relative size of 6.4 and 1.09, she did the original question again, 
correctly. 

Taok C : TAXK AWAY 4 - 2.47, 

Eight of the 17 children Interviewed got this question correct. As In the 
previous question each one did so by rewriting as 4.00 - 2.47 stacked 
vertically.^ in response to questions each one rationalized the annexing of 
zeros. For example Suzanne said, "You enn't take 47 from nothing, you need the 
place values." Only !•* <ina was questioned about making 4.00 tl - minuend. She 
replied, "Because yon couldn't put 2.4? on top because it is Ien*» than 4." In 
response to a question nhout where to plnce the decimnl, Mark replied, "In 
adding you have the decimal lined up and you put the decimal In the answer 
under the decimal In the problem. " 

Among those whose responses were classified as Incorrect, there were three 
clusters of errors, 

(1) 2.47 (2) 4. (3) 4.00 

- 4 - 2.42 - 2,47 

2.43 2*.47 

Four children made the er,.ror of type 1, In rationalizing her wofk, Traeey 
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said i "You don't have a decimal in four and four is bigger than rwo. So you 
don't say two take avay (our because two can't tnko nwn> fotirv-X c.in't put 
ny four under ray two," After further questioning which provided «;orac hiTusT 
Tracey nnd two others did the .question correctly^ Roth correctly named the 
places* in 2.47 hut maintained tW ''The four doesn't have a place because 
there's no decimal". 

Two youngsters made errors of the second typo. They had hath made similar 
mistakes on Task B. Neither could complete the task correctly, due to 
subtraction mistakes, even after being told by the interviewer to nnnux a 
decimal point and zeros and after aligning the minerals correctly. Three 
subjects set the question correctly as indicated in error type ! ( but did 
not arrive at a correct solution. Two of these made subtraction mtrtakes and 
the third placed the decimal point incorrectly. After obtaining .153 he 
annexed a zero (.1530) "Because you need (our places to . , . Because there are 
four in the question, I need to point off four in the answer." 

After observing the kind of nlstnkes made and the follow-up questions asked. 
It appears thot it would be beneficial to be more consistent In the type of 
-quesvlons nslOrd of those who got a correct n.iswer. Perhaps everyone should he 
--a«ked about which number shuuld be the minuend and subtrahend and perhaps about 
the relative size of these. Everyone should be asked about annexing 7vro<* ami 
aligning the numerals properly in columns. Finally everyone night be asked 
about the decimal point In rhe answer.' 

Task J): ADD |2.TfcNTHS TO 13 HUNDREDTHS. 

Most of the nine (of 17) students who successfully completed thin task wrote 
1.20 

M).J3 , although some omitted une or the other of the rcros. Of < ourse the 

most interesting aspect of this quest lory Is the equivalence of 12 tenths and 

t 

1.2 or 1.20. Seven of these children used a ratlonnjr similar to Trai ey s. 
"You can't write 12 tenths so you have to reg"oup 10 tenths making one unit nnd 
2 tenths left. I.. Put a zero up there to hold the hundn-dtha plnce." One 
student eliminated .12 as 12 hundredths nnd the othrr observed thnt 1? Louth* 
would have onlv one decimal place. 
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Aaong the eigh»* subjects who did the question incorrectly, three added ,12 iind 
.13, two <dded .12 and .013, and the rc8t hud variations on the mc theme. 
When questioned about their work, ho pattern emerged nnd most children were 
unsure. r . Only Donnn had conviction that .12 could be cither 12 tenths or 12 
hundredths. Octh thought .12 would be 12 hundredths, 12. would be 12 tenthii 
and 1^2^Kuld be one and two tenths. Dawn Said 1.2 '*Would be one nnd two 
/ ttfnths and 12. would be Just twelve," The investigstor oaVed four of thcac 
Children to use the bsse ten Models to help with the question. Two, who had 
"been surecssful on the prcvloua three tasks* were successful in using the blocks 
and In writing the representation on the paper. Two children, who hsd been 
unsuccessful on the previous three tssks, did not use the base ten materisla 
consistently, nor arrive at s correct result. It night hsve been revesting 
to hsve routinely asked the children to use thi- mnteriaici to Justify their 
work. As It wss, It seemed inappropriate to use the satcrlsls as n further 
probing device when a child wss satisfied with the result. In summary, nbout 
half of the children appreciated the equivalence of 12 tenths and one and 2 
tenths, and were able to aoive the problem. Children who did not understand 
this equivalence wore unsuccessful. 

Task E: WHICH IS LARGER 2. 65 or 2.5? 

This task wss sumrlslngly essy as 13 of tlje 16 children who were aqked, 
reaponded correctly. Eight of these children thnught of annexing n zero to 
2.5. *Por exaaiple, Tammy said, n If I add a zero then that would be two and 50 
hundredtha and two nnd 50 hundredths Is larger than 2 snd 45 hundredths." Four 
of the children cowpnred the numbers of the tenths plsces. Roderick said, 
'•Because four Is smaller (Than five .... 1 look st the tenths plsce." Trscey 
said It strsngely, "The aore numbers you have to^ the right of the decimal, the 
lens they are." Further probing revesled that she understood. Siizsnnc hod a 
third unique strategy. "You say thla 2.*5 la like four and one-half tenths 
nnd ynu cosparc ... to two and five tenths and two and five tentha i« more." 
The first and more common strstegy w«» to be expected because equlvslence wan 
emphsalrcd In Instruction. The second strategy waa not emphasized In 
Instruction and mist hsve been a generalization by the children from their 
knowledge of whole number place vslue. 

Only three children believed that 2,45 Is larger than 2.5, One said, "Because 




hundredths wake It Iwrgcr than renins" and «i second said, "forty-five I* 
bigger than five/' In both o£ these cases the children seemed to he focusing 
on a comparison of five and 45 without particular regard for the nl;ue vnltus. 
The third child rould not verbalise a rationale. 

3 

it wan mi r.pri*itig, based on past general Impressions, that 0.81 of the sub let t£ 
were successful on Task E. Perji.fps thts*was due to tlie Instruction o* perhaps 
to the nrfture of the task. These children were aware of the equivalence of }, 5 
and 2S. and S I* the client of nil fraction concepts for chlddrcn t«i grn«;p. 
Further, 2,4*> is halfway between 2. A, and 2.5 as Suzanne point ed out. * 

DISCUSSION " 0 

Th,' tasks that were chosen forced the children to alter or U sform the 
problem before pio<ocdtn& in algurtthmtc fashion, and as a result were relative 
ly difficult. However, most of those who answered corre»tly were able u> give 
a rational explanation for their* work. Sometimes the explanation was different 
from that given In instruction. For example, n addition and subtraction the 
students had been shown to align like places In columns analogous to the 
algorithms for whole numbers. Some subjects verbalized this nn "line up the 
decimals", a penoctly acceptable rule. A common mistake was to Invoke some 
part of a rule for a multiplication algorithm like "count the decimal pi arts." 

The tasks chosen for this study gave emphasis to the concept and ruies for 
equivalent decimal expressions. One type, expressing a whine number stic h as 
12 as* a decimal, say 32.\>0, was especially troublesome. Host who were 
successful s.i Task A used this move. Not surprisingly, all who were successful 
on Task C expressed 4 as 4.00. This algorithm' is easily stand. However, the 
pore subatantive com opt that who 1 ey lumber s are a part of the same rational 
number system and have many artlbrary decimal expressions Is more difficult. 

Another error which l t Interesting Is reversing the order in mihtrnrMon, Some 
children Ignored the order specific In the task and devised vays to stihtrm t 
what they thought was the smaller number from the larger. The need for 
changing the order was no doubt necessitated by their lack of skill hi deter- 
mining order and equivalent forms. * 

r 



Sic 



